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Welcome to the Mathematics for the IB Diploma Study and Revision Guide.

This book will help you plan your revision and work through it in a methodical
way. It follows the Mathematics syllabus topic by topic, with revision exam
practice to help you check your understanding.

B Features to help you succeed

How to use this revision guide

Key definition
Definitions of the key concepts
you need to know for the exam.

IB SYLLABUS

IB syllabus boxes refers to specific
points in the IB syllabus and features
of the exam.

CROSS REFERENCE

Cross reference boxes highlight
the connections between concepts
to help you and provide page

Examples can help understanding
by putting the definitions and claims
into context and showing you how

references.

to answer questions.

You can keep track of your revision by ticking off each topic heading in the
book. There is also a checklist at the end of the book. Use this checklist to
record progress as you revise. Tick each box when you have:

m revised and understood a topic

m used the Practice questions and checked your answers using the Answers
and Detailed solutions.

Use this book as the cornerstone of your revision. Don't hesitate to write in it
and personalise your notes. Use a highlighter to identify any areas that need
further work. You may find it useful to add your own notes as you work through
each topic.

The first half of the book covers the key concepts in six Topics. It includes
definitions of the concepts and statements of the claims you should know by the
time you take the exam. The order of the topics follows the syllabus to help you
check you have covered everything. For reference, the relevant syllabus section
numbers are included next to the section titles. With the exception of the two
variable statistics, every concept of the SL syllabus is also in the HL syllabus.

If there is no indication next to a concept, then it is relevant to both SL and
HL students. The parts of the syllabus that only HL students need to know are
clearly marked.

In some cases the definitions are precise (for example, those in the trigonometry
topic), but often the formal definition would go beyond the level of the course
(for example, for some calculus concepts). Some claims are stated in their most
general form, but other claims (mostly in the calculus topic), are used only with
some limitation. Some topics (such as trigonometry, for example) are treated in
a quite rigorous way in the syllabus. In others (such as calculus and probability),
we rely on an intuitive approach. The precise mathematical treatment often
would be quite tedious, and would hide the aim of the course, namely the
introduction of the basic concepts of several important areas of mathematics.
This guide makes a clear distinction between definition and claim, which

is crucial in learning mathematics. The definitions give the starting points

for logically correct reasoning, either formal or informal. In some cases, the
limitations of our approach are also highlighted. For example, when dealing
with exponential expressions, we define a* for rational exponents, but use the
index laws for any real exponents (after only justifying these laws for natural
number exponents).

USING A CALCULATOR

These notes explain how using a
graphing display calculator (GDC) can
help you, as well as the difference
between questions on the calculator
and non-calculator papers.

Notes give extra information and
highlight the most important points
to help you understand the concepts.



How to use this revision quide

Each chapter also has a list of useful past paper questions to check your
knowledge on real exam questions.

The second half of the book helps you put everything you have learned into
practice for the exam. It contains thirty longer questions, like the ones that
appear on part B of the exams. Most of these have parts that ask for pattern
recognition, generalisation. If you want to do well in the examination you need
to think beyond routine applications of the concepts and rules. You need to be
able to apply methods in unfamiliar settings and to see connections between
concepts. Thinking about these questions can help understanding. The syllabus
content that the question checks is given for all questions. Some questions

are accessible to both SL and HL students, some use concepts that are only in
the HL syllabus, and in some questions the first part is accessible to both SL
and HL students, but the last part goes beyond the SL expectation. Interested
SL students of course can have a go and try these parts as it can only help
understanding. For all the questions, the numerical answers are included in a
separate section.

In addition, hints are included in a Hints section following the Practice
questions. These can be useful for those who only need a little help to start
working on the solution. The hints also highlight the fact that a plan is always
a good starting point for problem solving. Before starting to work on the
solution, it can be helpful to think about what hint you would give to a fellow
student about the question. If you see what the question tries to check and can
give advice on how to approach it, then you are on the right track for solving
the question.

As well as the numerical answers, detailed solutions are given in a separate
section. These give the correct answer and show the best method for working
through the question. It is useful to read these solutions even if you could
solve the question, as you may have used a different method. Some exam
advice is also given in margin notes next to the solutions. In any case, please
try to solve the question yourself or follow the hint before you turn to the
detailed solution. If you try to do the question yourself first, you will have a
much better understanding of the solution even if you could not get to the
correct answer.

There is also a section with further investigation ideas related to the Practice
questions. Thinking about these problems can aid understanding, even though
they go beyond what will be asked in the exam. At the same time, these ideas
are useful as they encourage you to ask questions yourself, and not to simply
answer questions asked by others. This type of thinking is useful when you are
searching for an appropriate topic for your exploration.

The last part of this guide contains information about past paper questions.
The tables list the syllabus topics, and next to each topic shows the question
number(s) that checks the understanding of that topic in each past paper. The
questions are not included; past papers can be purchased from the IB. However,
if you want to practice a specific topic, or see what types of questions usually
appear on exams with regard to a topic, this reference might help your search.
Since the syllabus has changed, starting with the examinations in 2014, there
are some topics in past papers that are no longer part of the syllabus. Questions
from these topics are also included in these tables.



Getting to know the exam

Getting to know the exam

Exam paper Duration Format Topics Weighting
Paper 1 (SL) 1.5 hours Short-response and extended-response questions Non-calculator Al 40%
Paper 2 (SL) 1.5 hours Short-response and extended-response questions Calculator All 40%
Paper 1 (HL) 2 hours Short-response and extended-response questions Non-calculator Al 30%
Paper 2 (HL) 2 hours Short-response and extended-response questions Calculator All 30%
Paper 3 (HL) 1 hour Extended-response 1 of the 4 options 20%

SL students will sit two papers at the end of your Mathematics course — Paper
1 and Paper 2, worth 40% each. The other assessed part of the course is the
Internal Assessment (worth 20%) which is marked by your teacher.

HL students will sit three papers: Paper 1 and Paper 2, worth 30% each, and
an additional Paper 3 (worth 20%) which covers one of the four options. (This
revision guide does not cover the option topics appearing on Paper 3 of the HL
exam.) HL students also have an Internal Assessment (worth 20%) which is
marked by your teacher.

Here is some general advice for the exams:

Make sure you have learned the command terms (e.g. find, state, suggest,
hence, draw, show). There is a tendency to focus on the content in a
question rather than the command term, but if you do not address what the
command term is asking of you then you will not be awarded marks. Your
teachers have access to the IB list of command terms and their explanations.

On both Paper 1 and Paper 2 of the exam, you will have short-response
questions (part A) and extended-response questions (part B) to answer. For
the short-response questions, space will be provided next to the question in
the question booklet for the answer. If you run out of room, you can continue
in the separate answer booklet, but you need to clearly indicate next to the
question that you continued your work elsewhere. For the extended-response
questions, any work next to the question in the question booklet will not be
marked. You have to write all your work in the separate answer booklet, clearly
indicating the question number.

Plan your time carefully before the exams.

At the start of the exam, you will have five minutes to read the paper
without writing anything. Use this time to look at the questions and decide
which ones you want to answer first. You don’t have to work on the questions
in the order they are presented in the paper.

vii



viii How to use this revision guide

Countdown to the exams

4-8 weeks to go My exams

m Start by looking at the syllabus and make sure you know exactly
what you need to revise. Paper 1

m Look carefully at the checklist in this book and use it to help organise Date:. ..o
your class notes and to make sure you have covered everything.

m  Work out a realistic revision plan that breaks down the material (1) R ——————

you need to revise into manageable pieces. Each session should be
around 25-40 minutes with breaks in between. The plan should
include time for relaxation.

m Read through the relevant sections of this book and refer to the key Paper 2
definitions, notes and examples.

m Tick off the topics that you feel confident about, and highlight the
ones that need further work.

m Look at past papers. They are one of the best ways to check
knowledge and practise exam skills. They will also help you identify LOCAtION: ... oo
areas that need further work.

m Try different revision methods, for example summary notes, mind
maps and flash cards.

m  Make notes of any problem areas as you revise, and ask a teacher to Date:...ooeiiiii e
go over them in class.

Aim to fit in at least one more timed practice of entire past papers,
comparing your work closely with the mark scheme.

Examine the checklist carefully to make sure you haven't missed any
of the topics.

Tackle any final problems by getting help from your teacher or
talking them over with a friend.

The day before the examination

m Look through this book one final time. Look carefully through the
information about Paper 1 and Paper 2 to remind yourself what to
expect in both papers.

m Check the time and place of the exams.

m  Make sure you have all the equipment you need (e.g. extra pens,
a watch, tissues). Make sure you have a calculator for your Paper 2
exam (and also Paper 3 for HL students).

m Allow some time to relax and have an early night so you are
refreshed and ready for the exams.




Topic 1 Algebra

1.1 Sequences and series (SL 1.1, HL 1.1)

In this section we consider sequences of numbers: u,, u,, u;, ... We will look at the
concept of the limit of a sequence later in Topic 6 Calculus. We are concentrating
on two simple rules to construct sequences and discuss the properties and
applications of the resulting arithmetic and geometric sequences. One way of
defining these, and more general types of sequences (for example, the Fibonacci
sequence), is the method of recursion.

Recursive sequences

USING A CALCULATOR

Sequences can be generated and
displayed in several ways. Graphic
display calculators (GDCs) have
built-in applications to work with
sequences.

A sequence is defined recursively if one or more (initial) terms are specified and
the later terms are expressed using previous terms (using so-called recurrence
relations).

The recursive definition, u, =2, u_, = 2u_+ 1 (n> 1) defines the sequence
2,511,23, ...

Arithmetic sequences

CROSS REFERENCE

See also: the discrete mathematics
option. (HL)

Key definition

A sequence u, u,, U, ... is arithmetic, if there is a constant d, such that

u . =u +dforallne Z* The constant d is called the common difference
of the sequence.

Claims
mou=u+n-1)d

] u1+u2+...+uﬂ=Sn=%(u1+un)=%(Zu1+('n—l)d)

IB SYLLABUS

The formulae for the general term of an arithmetic sequence and the sum of a
finite arithmetic series are in the IB Mathematics SL and HL formula booklets.

Geometric sequences

The common difference is the
difference between consecutive
terms of an arithmetic sequence.

Key definition
A sequence u, u,, U, ... is geometric, if there is a constant r, such that

u =nru forallne Z* The constant r is called the common ratio of the
sequence.

Note

The common ratio is the ratio of
consecutive terms of a geometric
seguence.



Topic 1 Algebra

Claims
mou =ur!
-1 _  1-1"
[ u1+u2+..‘+un=Sn=u1T_1 —ulﬁ,forril

141L for || <1

ooy tu,tu +...=§ = i

IB SYLLABUS

The formulae for the general term of a geometric sequence and the sum of a
finite and infinite geometric series are in the IB Mathematics SL and HL formula

booklets.

Note the important conditions,
r#land |r| <1

Applications

Population growth and compound interest are important applications of geometric
sequences.

For compound interest, the formula for the future value of an investment is
kn
Fv = Pv( 1+ m) , where Fu is the future value, Pv is the initial (present

value) of the investment, r is the interest rate as a percentage, n is the number of
years and k is the number of compounding periods in a year.

IB SYLLABUS

Worded questions involving population growth, finance, etc come up in exams.
Note that this formula for the future value of an investment is not in the IB
Mathematics SL and HL formula booklets.

Sigma notation

USING A CALCULATOR

GDCs have built-in finance
applications that can be helpful.

The following is a compact notation for sums of members of sequences:
n

wtu, t..tu = zu,».
i=k

1.2 Exponents and logarithms (sL 1.2, HL 1.2)

Revised ||

6
2j2=32+42+52+62=86

=

Exponential expressions

Key definitions

e Forn € Z*, a" is a shorthand notation for aa...a. In this case the base can
be any real number, a € R. "

e ForneZ,am"= Ln . In this case we need to restrict the base a bit, so a = 0.
a
e Fora =0, a® = 1. Although in some books 0° = 1, here we leave 0° undefined.

e ForxeQ,x= % withp,q € Z,q >0, a* = Yar. Although for some

p- and g-values this definition can work for negative or zero values of a, in
general we need to restrict the base to positive values: a > 0.

» We will use exponential expressions for a positive base and any real
exponent, but the definition is beyond the scope of this course. A possible
approach is to approximate real numbers with rational numbers and

define a* using these values.

We define exponential expressions
of the form a*in steps, starting
with positive integer exponents and
extending the definition to negative
integer, 0 and rational exponents.

2
8 =ls" = Yok =4

CROSS REFERENCE

See also: the exponential function,
x> a*on page 15.




1.3 Binomial theorem (SL 1.3, HL 1.3)

Laws of exponents

at = a’a’

a = (a) = (@)

(ab)* = a*b~

a\' _a*
. (E) T

IB SYLLABUS
These index laws are not in the IB Mathematics SL and HL formula booklets.

Logarithms

These index laws are easy to check
for positive integer exponents. It is
not so easy to check, but they are still
true, for any real exponent with the
restriction that the base is a positive
real number.

Key definition
The relationship (between the numbers @ >0, a = 1,5 >0and ¢), log b=c
is defined by a¢ = b.

We will use logb as a shorthand notation for log, b. It should be noted that
in other sources logb may not denote the base 10 logarithm.

Laws of logarithms
m log xy=log x +log y, x,5>0
u 1ogﬂ§ =log x - log y, x,y >0

B log x* =1ylog x, x>0
log, b
log,a

m logb=

IB SYLLABUS

Mathematics HL formula booklet only contains the change of base law.

The laws of logarithms are in the IB Mathematics SL formula booklet, but the IB

1.3 Binomial theorem (sL 1.3, HL 1.3)

Since 3* =9, log,9 = 2.

IB SYLLABUS
In this course, log,,b = logb.

log,6 = log,2 +log,3 =1 + log,3
log0.2 = log2 - log10 = log2 - 1
log, 125 = log, 5’ = 3log,5 = 3

Also, using the change of base law,

log,81 4

log;27 = 3

log,,81 =

Revised B

The coefficients of the expansions of (a + b)" (where n € N) can be found using

Pascal’s triangle:

The general formula for the binomial expansion is:
(a+b)r=a+ {q] a'b' + [;] avtbhr+ .+ (:) a b+ ...+ b,

where the binomial coefficients can also be found using the formula

ny_ n!
k] (m=k)k!"

n
Another notation for the coefficients is "C, = ( k] .

Using sigma notation,

(a + b)n - 2": [:]an—kbk

k=0

This coefficient is usually read as
‘n choose k.

3



4  Topic 1 Algebra

(a+b)?=a*+2ab+ b’
(a+b)=d+3a’b + 3ab* + b’

(a+b)*=a* + 4a’b + 6a’b* + 4ab’ + b*

1.4 Polynomials (HL 2.5)

USING A CALCULATOR

Besides using the Pascal triangle
or the formula, GDCs have built-
in applications to find binomial
coefficients. In exams all three
ways of finding these binomial
coefficients can be checked.

In this section we will look at some properties of real polynomials (expressions

of the form P(x) =a x"+a_ x*' + ... + ax + a, where q, € R, a = 0), and
polynomial equations (of the form P(x) = O for some polynomial P(x)). The largest
exponent, n, is called the degree of the polynomial.

We assume here that a, € R for all 0 <k <n, but all our claims are true for
polynomials with complex coefficients.

CROSS REFERENCE

See also: complex roots of

real polynomials (page 7) and
polynomial functions (page 14).

Key definitions
¢ Polynomials can be added, subtracted and multiplied using normal
algebraic operations (opening brackets, grouping like terms, etc).

» With division we need to be a bit more careful. For two polynomials P(x)
and S(x):
o % in general is not a polynomial; it is called a rational expression.
o If S(x) = 0 and P(x) = S(x) Q(x) + R(x) such that Q(x) and R(x) are also
polynomials, where the degree of R(x) is less than the degree of S(x),
then Q(x) is called the quotient when P(x) is divided by S(x), and R(x)

is the remainder.
— We can use long division to find the quotient and the remainder.

— Note that if S(x) is a linear polynomial, then R(x) is a degree O
polynomial, so it is a constant, R(x) = R.
» The polynomial S(x) is a factor of the polynomial P(x) if there is a
polynomial Q(x) such that P(x) = S(x)Q(x).
¢ The number a is a root of the polynomial P(x) if P(a) = O (i.e. ifais a
solution of the polynomial equation P(x) = 0).

Claims

® Remainder theorem. If S(x) = ax + b is a linear polynomial (a # 0) and
Q(x) is the quotient and R is the remainder when P(x) is divided by S(x), then

)

m  Factor theorem. If the linear polynomial S(x) = ax + b is a factor of P(x), then

P (—g) = 0. Conversely, if P(c) = 0, then (x — ¢) is a factor of P(x).

X —x'—x+2
X +1
-l -x+2=02+D(x-1)-2x+3

WhenP(x) =x>-x*-x+2is
divided by S(x) = x> + 1,

the quotient is Q(x) = x - 1 and
the remainder is R(x) = —-2x + 3.

is not a polynomial.

Hence

¥ —x'—x+2 _ —2x+3
= =x-1+ 5
x"+1 x"+1

CROSS REFERENCE

See also: the x-intercepts of the
graph of y = P(x) (page 14).

When x* - x + 1 is divided by 2x + 3,
the remainder is

) = (2] 1= 43

It can be the case that (x - ¢)* is also a
factor of P(x). In this case we say that
(x - ¢) is a repeated factor.



1.5 Proof by mathematical induction (HL 1.4)

m  Fora polynomial P(x) =a x*+a_x"'+ ... +ax+a,wherea #0anda, € R:

CROSS REFERENCE
For polynomials with complex

[0 Forn>1, P(x) can be written as a product of linear and quadratic factors coefficients, see the fundamental
with real coefficients. theorem of algebra on page 7.

[0 Forn2 1, there is a linear or quadratic factor of P(x).

1 There are no more than n real roots of P(x). USING A CALCULATOR

. . In simpler cases, roots of polynomials
If P h f1 f: .
O n )(x_) 1s(t e_prc))((:luc;t 0) me?r _actcirs, say can be found algebraically. GDCs
hx =4, o)X 0) e X0, also have built-in applications to find
then approximate values.

— the sum of the roots is:

Ena —oto .. g = e _
. k | Otz en A
-1

ay These are two of Vieta’s (or Viete's)
formulae.

— the product of the roots is:
. . There are other relationships between
Hak =00, ... 0 = (=1 4o roots and coefficients, but these are
k=1 " a, beyond the syllabus.

For example if o, o, oy are three
solutions of a,x’ + ax* + ax + a =0,

1.5 Proof by mathematical them i + s+ = 1
induction (HL 1.4)

The principle of mathematical induction (informal statement)

We have infinitely many statements indexed by the positive integers, P, P, ...,
such that

m P, istrue, and
m  whenever P, is true for some k € 7%, then P, is also true.

From these we can conclude that P is true for all positive integersn € Z*.

The principle of mathematical induction can be illustrated by the domino effect
(where one initial action leads to another and another). We accept it intuitively
but we do not attempt to prove it. It is one of the Peano axioms (a formal way
of studying the natural numbers). Axioms are building blocks that are used
without proof.

Steps to follow

To prove statements P, P,, ... using mathematical induction:

m  Prove P, the first statement.

®  Assuming P, (the induction hypothesis), prove P,,. In other words, prove the

k+1”
implication P, = P, . (This is the induction step.)

m  Write a concluding statement. For example: Since P, is true, and for all k Z,
P, implies P,, , therefore by the principle of mathematical induction, P, is true

k+1?
for all positive integers n € Z™.

IB SYLLABUS

In exams, proofs using mathematical induction can be asked for in relation to a wide
variety of topics, including complex numbers, calculus, sequences and divisibility.
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Topic 1 Algebra

1.6 Complex numbers (HL 15, 1.6, 1.7, 1.8)

Cartesian form of complex numbers

Key definitions

* An expression of the form a + bi (where a, b € R and i is the imaginary
unit with property i’ = -1) is called the Cartesian form of a complex
number. a is the real part, b is the imaginary part of a + bi. Real numbers
are associated with numbers of the form a + Oi.

* Two complex numbers, ¥ = a + bi and w = ¢ + di are the same, if a = c and
b=d.

e For x = a + bi, the complex number 7" = a + (-b)i = a — bi is the complex
conjugate of z.

¢ In some texts the complex conjugate of z is denoted by 7.

e Fory=a+biandw = c + di:
o yxw=(axc)+ (bxdi

e 2w = (ac - bd) + (ad + be)i
ac + bd

v &

bc —ad .

1
v b

o ifw¢0,theni=
w

We can add, subtract, multiply and divide complex numbers like real algebraic
expressions of i, simplifying the result using the identity i> = -1.

Polar form of complex numbers

USING A CALCULATOR

GDCs can work with complex
numbers in Cartesian form.

Solving equations involving complex
numbers sometimes involves
comparing real and imaginary parts
of the two sides.

CROSS REFERENCE

For important properties of
conjugates, see the section on
complex roots of real polynomials
(page 7).

Key concepts

® Complex numbers can be represented as points in a Cartesian coordinate
system (Argand diagram), where the two coordinates are the real and the
imaginary parts of the complex number.

®  The modulus—argument (or polar) form describes the complex number
using its modulus,  (the distance of the point in the Argand diagram
from the origin), and its argument, @ (the angle between the line segment
connecting the point and the origin, and the positive real axis, measured
counterclockwise).

B Two useful notations for complex numbers in polar form are rcis@ = re'’.

m Note that we only use re'? (known as Euler’s form of the complex number) as
a convenient notation that helps us remember some of the following claims.
Exponentiation involving complex numbers is beyond the syllabus.

|

|

|

|

|

= |
l=1 ,
|

|

|

|

|

Argz) = 6

Re(.z)

The equality e + 1 = O is called Euler’s
identity.




1.6 Complex numbers (HL 1.5, 1.6, 1.7, 1.8)

Claims
m  Conversion between polar and cartesian form. For z = a + bi = rcis 6:
O |z| =r=a* +b’ andtan9=%if9¢%+knanda¢0
0 Re(?r) =a=rcos@and Im(z) =b =1rsind
[ z=1rcosB + irsin® = r(cos O + isin 6)
m Forz =rcis6 and z, = r,cis6;:
O 2z, = (rr)cis(6,+6))
2

0 3= Ds(e-0)
HLoon

Powers of complex numbers

Although tan 6 = %, tan™ < only
gives an argument if the complex

number is in the first or fourth
guadrant of the Argand diagram.

It is easier to multiply and divide
complex numbers in polar form than
in Cartesian form.

CROSS REFERENCE

The connection between these
identities and the compound angle
formulae is important (see page 20).

de Moivre's theorem

Fory=rcis@andn € Z, ¥" = r"cisné.

IB SYLLABUS

You may be asked for the proof of de Moivre's theorem using mathematical
induction in exams.

The n* root of a complex number

B Yw (ne Z*) refers to all the n complex solutions of the equation 2" = w.

m For w = 1, the solutions of " = 1 are called n'" roots of unity.

. . 2n . 4n . 2n=Dn
1 These are cisO, cis =, cis 4—, ..., Cis u
n n n
. . A .
[0 Using the notation ® = cis o the n™ roots of unity are o, @?, ..., ®"",

o"=1.
One of many interesting properties of these numbers is that
l+o+o’+.. .+ =0.

Complex roots of real polynomials

The third roots of unity form an
equilateral triangle in the unit circle
of the Argand diagram. The fourth
roots of unity form a square, the
fifth roots of unity form a regular
pentagon, and so on.

Claims

m  For any complex number g, both 7 + 7" and z - 1" are real.
m For any complex numbers zand w, (z + w)" =2  *w"and (z- w) =2 - w’

m If P(x) is a polynomial with real coefficients, then P(z") = (P(z)) for any
complex number z.

m Complex roots of real polynomials. If P(x) is a polynomial with real
coefficients, and z is a complex number such that P(z) = 0, then P(z") = 0.

® Fundamental theorem of algebra. If P(x) is a non-constant polynomial, then
there is a complex number z, such that P(z) = 0.

Polynomials can be written as products of linear factors.

CROSS REFERENCE

For a more detailed discussion on
real polynomials, see the sections
on polynomials and polynomial
functions on pages 4 and 14.

The roots of polynomial equations
with real coefficients come in
conjugate pairs.
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1.7 Systems of linear equations (HL 1.9)

Claims

Let us start with an equation system, naming the equations involved:

ayX, +apX, +ax; = bl

(E)

Ay Xy + 0%, + dysXs = bz (E)

ayx, +apx, +agx, =b, (E)

IB SYLLABUS
Exam questions may include a maximum of three equations in three unknowns.

For given a

. and b, (k, [ € {l, 2, 3}) as parameters, we are looking for triples

(x, x,, x;) such that all three equalities are true. These triples are the solution(s)
of the equation system.

There is a unique solution, no solution at all, or infinitely many solutions.
A system is inconsistent if it has no solution, otherwise it is consistent.

The solution set of the system does not change if we replace an equation by

a linear combination of itself and another equation from the system. More
precisely, for any k # 0 and [, the solution set of the system (E, E,, E,) is the
same as the solution set of (kE, + [E,, E,, E.). Of course, any two equations can
be used instead of and E, and E,.

If the system has a unique solution, then using the previous step repeatedly, we
can get an equivalent system of the form:

x tepx, tox=d (F)
x, tex=d,  (F)
x=d,  (F)

GDC:s have builtin applications to perform these steps after inputting the
coefficients of the equation system in a tabular form (called an augmented
matrix):

a, a, a; b
Ay Ay ay by
as;  a; ay; by

After applying row operations, in most cases we can get a matrix in the
following form:

oo ooy 4

c,, € d
0 n 3 4 ¢ ¢, =0
0 0 ¢ d

The number of solutions is determined by some entries of this matrix:
0 If ey, # 0, the solution is unique.
0 Ifc,; =0, and

— ifd, # 0, then there are no solutions (the system is inconsistent)

— ifd, =0, then there are infinitely many solutions.

We discuss here a method of solving
systems of linear equations with three
equations in three unknowns. The
method is general enough to use

for any number of equations in any
number of unknowns.

CROSS REFERENCE

See also: the relative position of
planes or lines in Topic 4 Vectors
(page 36).

Applying this step, we can eliminate
variables from the equations.

Two systems of equations are called
equivalent if the solution sets are the
same.

USING A CALCULATOR

GDCs have built-in applications to
find the reduced form of a matrix,
but in exams these steps may be

asked on the non-calculator paper.

This tabular form is useful for solving
an equation system with a GDC,

but it can also be helpful for finding
solutions algebraically.

CROSS REFERENCE

The number of solutions is
determined by the last row of the
reduced matrix. If there are infinitely
many solutions, the general solution
is expressed using a parameter. See,
for example, the intersection of two
planes on page 36.




Practice questions for Topic 1

Practice questions for Topic 1

To practice these skills, try these past paper questions. Start with the questions
with lower numbers (1-7). In exams, the first questions tend to check your
understanding of one specific concept (although this is not a rule, so don’t assume
this will always be the case). Questions 8—10 on the HL papers are still short
questions, but usually you need an imaginative approach to find a solution. The
long questions (HL 10-14 and SL 8-10) have multiple parts, often checking
understanding of several concepts and connections between these concepts. For
more detailed past paper references, see the charts on pages 97-113. (TZ1 and TZ2
refer to the papers for the two timezones in the May exams.)

Date | HL Paper 1 | HL Paper 2 | SL Paper 1 | SL Paper 2
2014 November | 8, 10 7 2,4 6,9
2014 May TZ1 3,13 1,3,4,7 8a 2,4,10 2

2014 May TZ2 2,3,7,9 1,5, 13 2,7 7

2013 November |6,7,9, 12abcd |2,6 9

2013 May TZ1 1,8 2,6,8 7 1,3
2013 May TZ2 3,6,7,13 2b, 5, 8, 11ab 3 5,6
2012 November |2, 6, 10 1,5,10 1,4
2012 May TZ1 1,378 3ab, 9 1,6
2012 May TZ2 4,6,12,13b 1,4, 8, 11ab 7 3

2011 November 2,6 2,6,7,10,12,14 5,8
2011 May TZ1 2,3, 13 591 3, 10abci
2011 May TZ2 4,10, 12ab 2, 13A 1 3

2010 November |3,5,6,11,12b 5,6 1 3

2010 May TZ1 4,13b 2,4,6,7 3 2

2010 May TZ2 11,13 1,4,7,8,9,13 |6 2,4
2009 November |2, 11,13 4,7 1

2009 May TZ1 1,3, 13A 2,7 1,6
2009 May TZ2 7, 8, 12abcd 3,4 5

2008 November |2, 4,13 2,5, 11B 1 2

2008 May TZ1 1,3,7 12 1,5,10,14 3

2008 May TZ2 12,14 9 1,2,10

9



2.1 Functions in general (sL2.1,2.2, HL 2.1, 2.2)

Topic 2 Functions and equations

A function f: A — R is a mapping from a subset A of the real numbers into the
set of real numbers. f(x) is the value (image) of the function at x.

A usual notation for a function is: f:x — f(x), x € A.

B A is called the domain of the function /. If the domain is not specifically given,
then the usual assumption is that the domain is the largest set on which the
value of the given function can be calculated.

The range of the function f: A — R is the set of possible values:
{y:y = f(x) for some x € A}.
Note that, in some books, authors use ‘image’ to refer to this set.

The graph of the function f is the set of points of the form (x, f(x)) in the
Cartesian plane.

Note that the domain is the projection of the graph to the x-axis, the range is
the projection of the graph to the y-axis.

The function I, : x = x is called the identity function of A.

The function defined by (f o g)(x) = f(g(x)) is the composition of the functions
fand g To be precise, we should specify domains in this definition, but for our
purpose this informal definition is enough.

A function f is a one-to-one mapping between its domain and range, if
different x-values give different y-values: x, = x, implies y, = f(x) = f(x,) =y,

If f is not one-to-one, it is called many-to-one.

For a one-to-one function f, there is another function, {7, called the inverse
function with the property that if f(a) = b, then f(b) = a.

[0 The graph of f ! is the reflection in the line y = x of the graph of f.

[0 Bothfof"andf™ o fare identity functions:
(fof™) () =xand (f' o f)x) = x

(Note that the domains of these two compositions may be different.)
The domain of f™! is the same as the range of f.

The range of ! is the same as the domain of .

If f = 7, then f is called self-inverse.

(HL) A many-to-one function f does not have an inverse. However, in some
cases the domain of f may be restricted, so that on this restricted domain the
function is one-to-one, and an inverse exists.

The function defined by y = é is self-inverse.

O O O

f(x) = x*, x > 0 is one-to-one, f(x) = v/x

g(x) = x?, x <0 is one-to-one, g''(x) = -Jx

If the function is given by
f(x) = +x — 3, then the domain

is x> 3.

CROSS REFERENCE

In the Sets and Relations option
(HL) there is also a related concept,
the co-domain of a function.

Range
2
X'

ln(e)=x forxe R

el®@ = x for x>0
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Graph sketching

When drawing or sketching graphs of functions, we look for key features. The
difference between ‘drawing’ and ‘sketching’ is the accuracy with which these key
features are shown. In either case, the key features should be clearly visible on the
graph.

IB SYLLABUS
The IB Mathematics guides for SL and HL define ‘Draw’ and ‘Sketch’ as follows:

Draw: Represent by means of a labelled, accurate diagram or graph, using a
pencil. A ruler (straight edge) should be used for straight lines. Diagrams should
be drawn to scale. Graphs should have points correctly plotted (if appropriate)
and joined in a straight line or smooth curve.

Sketch: Represent by means of a diagram or graph (labelled as appropriate).
The sketch should give a general idea of the required shape or relationship, and
should include relevant features.

Key features

Domain

x-intercepts: can be found by solving f(x) = 0 algebraically, or approximate
solutions can be found using a GDC.

y-intercept: (0, f(0))
Values of the function at the endpoints of the domain

Vertical asymptotes, typically at points where the function is not defined

Horizontal asymptotes, the behaviour of the graph as |x| gets large.
(HL) Some functions may have oblique, instead of horizontal, asymptotes
(or, of course, no asymptotes at all) as |x| gets large.

B Local maximum/minimum points, points of inflexion. Approximate positions
of maximum and minimum points can be found using GDCs.

®  Symmetries of graphs:

[ A function f is called even if f (—x) = f(x) for all x in the domain. The graph
of an even function is symmetric about the y-axis. Typical examples are
x —> ax" for even n € Z (including the constant functions) and x — cosx.

y

Graph of an even function

[ A function f is called odd if f (=x) = —f(x) for all x in the domain.
The graph of an odd function is symmetric about the origin.

Typical examples are x — ax" for oddn € Z a = 0 and x — sinx, x +— tanx.

Graph of an odd function

USING A CALCULATOR

Questions involving drawing and
sketching simple graphs may be
asked on a non-calculator paper.

The calculator paper may include
questions on drawing and sketching
more complicated graphs, including
unfamiliar ones. GDCs have built-in
applications to find the key features
of graphs.

CROSS REFERENCE

For vertical and horizontal
asymptotes, see also the
discussion on limits in Topic 6
Calculus (page 51).

For the definition of local maximum
and minimum points and points

of inflexion, and how to find them
analytically, see the application of
differentiation (pages 56-57).
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2.2 Transformation of graphs (sL 2.3, HL 2.3)

®m The graph of y = f(x) + b is a vertical translation of the graph of y = f(x) up
by b units.

m  The graph of y = f(x) — b is a vertical translation of the graph of y = f(x) down
by b units.

B The graph of y = f(x + a) is a horizontal translation of the graph of y = f(x)
by a units to the left.

m The graph of y = f(x = a) is a horizontal translation of the graph of y = f(x)
by a units to the right.

m The graph of y = =f(x) is a (vertical) reflection of the graph of y = f(x)
in the x-axis.

m The graph of y = f(—x) is a (horizontal) reflection of the graph of y = f(x)
in the y-axis.

m For p >0, the graph of y = pf(x) is a vertical stretch of the graph of y = f(x)
with scale factor p.

m For q >0, the graph of y = f(gx) is a horizontal stretch of the graph of y = f(x)

with scale factor %

These transformations can be applied after each other to get composite
transformations. The order of the transformations is important, although
the order of a horizontal and a vertical transformation can be changed.

m (HL) Reflecting the part of the graph of y = f(x) below the x-axis about the
x-axis (and keeping the part above the x-axis), we get the graph of y =|f(x)|.

® (HL) Replacing the part of the graph of y = f(x) left of the y-axis with the
reflection of the part to the right of the y-axis about the y-axis, we get the

graph of y = f(|x]).

® (HL) When sketching the graph of y = L given the graph of y = f(x),
look for these key features: f(x)

[ Zeros of y = f(x) usually correspond to vertical asymptotes of the graph of
1

3’=m‘

[0 Minimum/maximum points on the graph of y = f(x) correspond

to maximum/minimum points on the graph of y = ——

fx)
[0 The graphsof y = f(x) and y = 1 intersect where f(x) = +1.

f(x)

y

| |

1 | |
y=—— | |
- f(x) | |
| | |
| | |
| | |
| | |

N

y=fx)

Translations are often described
using vector notation. For example,

5
translation by the vector 4

denotes a shift down by 4 units and

a shift to the right by 5 units. If the
transformations are applied to the
graph of y = x? , then the resulting
graph corresponds to
y=(x-5¢-4=x*-10x + 21

USING A CALCULATOR

It is a good idea to investigate the
effect of these transformations on
the graphs using technology, for
example using Geogebra.
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2.3 Basic functions (sL2.4, 2.5, 2.6, HL 2.4, 2.5)

Sketching the graphs of certain type of functions and recognising key features is
expected, even without the help of a graphing calculator.

Linear functions

Key definition CROSS REFERENCE
A function of the form x — mx + c is called a linear function. See also: the equations of tangents,
normals, and vertical and horizontal

Key concepts and claims asymptotes to a graph (page 53).

m  The graph of a linear function is a straight line. m is called the gradient (or
slope) of the line. The y-intercept is (0, c).

CROSS REFERENCE
Other forms of equations of a line

B Any non-vertical straight line has an equation of the form y = mx + c. (that can be generalised to 3D)
®m A slightly more general form, Ax + By = C (where not both A and B are 0), zare dls;:§sed In Topic 4 Vectors
describes all possible lines, including the vertical ones. page >4
m If (x, y,) and (x,, y,) are two (different) points on the line, and x, # x,, then: CROSS REFERENCE
0 m= % 7 (HL) See also: the equation of
X, =X a plane in 3D on page 35.
[ apossible form of the equation of the line through these two points is
Y, =Y
y—y, = 2L (x - x),
I

m Ifm is the slope of line [, and m, is the slope of line 1, then:

[ [ and [, are parallel if and only if m =m,

01 I, and [, are perpendicular if and only if mm, = -1.

Quadratic functions

Key definition
A function of the form x — ax? + bx + ¢, where a = 0 is called a
quadratic function.

Key concepts and claims '
m  The graph of a quadratic function is a parabola. It is symmetric to the line L= ,23
| a
x=—o (the axis of symmetry). |
a \
m  The sign of a tells us if the parabola is facing upwards (a > 0) or downwards |
(a<0). i
m y-intercept: (0, ¢) b i q x
B xintercepts are at the solutions of the quadratic equation ax* + bx + ¢ = 0. |
The graph can have zero, one or two x-intercepts. In case of two x-intercepts, T b
(p, 0) and (g, 0), the quadratic function can also be written in the form
x — a(x — p)(x — q). In case of one x-intercept, (r, 0), the alternative form is
x — a(x — r)2. Conversely, these factor forms imply two or one x-intercepts
respectively. CROSS REFERENCE
B The vertex is the turning point of the graph of a quadratic function. If its See also: the quadratic formula
coordinates are (h, k), then an alternative form of the quadratic function is: and the discriminant (page 17) and
x> a(x — hY? + k. Conversely, this completed square form implies the (for HL) the fgctor theorem and
coordinates of the vertex. Since the vertex is on the axis of symmetry, the relatlo‘n.shlp between the roots
b and coefficients of a polynomial
= - (pages 4 to 5).
a
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IB SYLLABUS

In exams, you should be able to sketch a graph of a quadratic function without
a calculator. Also, you should be able to find the defining equation from key
features of a given parabola.

CROSS REFERENCE

See also: graph transformations on
page 12.

Polynomial functions (HL)

Key definition

For a polynomial P(x), the function x — P(x) is called a polynomial function.

Key concepts and claims

m If (x - a) is a factor of P(x), then (g, 0) is an x-intercept of the graph of
x —> P(x).

m If (x - a) is a repeated factor (i.e. (x — a)’ is also a factor) of P(x), then the
tangent line to the graph of x — P(x) at the x-intercept (a, 0) is horizontal.

m  If the degree of P(x) is n, then there are no more than n x-intercepts of the
graph of x — P(x).

The reciprocal function

CROSS REFERENCE

See also: the factor theorem on
page 4.

CROSS REFERENCE

See also: derivatives of polynomials
on page 54.

USING A CALCULATOR

Approximate values of
these x-intercepts can be found
using a GDC.

Key definition
The function x — %, x # 0 is called the reciprocal function.

Key concepts and claims

m  The graph of the reciprocal function is a hyperbola. It has a vertical
asymptote, x = 0, and a horizontal asymptote, y = 0.

B An interesting property is that the reciprocal function is self-inverse: for
fix— o {7 =f (The graph of f:x — % is symmetric to the line y = x.)

Rational functions

Key definition ,
The function x — &

d
, x # —— , where ¢ # 0 is called a rational function.
cx+d ¢

Key concepts and claims

B Applying graph transformations to the graph of the reciprocal function, we

. . ax+b
can get the graph of the rational function x —

d
, x = ——, where c 2 0.
) ) ) cx + c
This rational function has:

[0 vertical asymptote x = -0

[0 horizontal asymptote y =

)

a
C

[ x-intercept at (—é, O) ifa=0and
a

O

y-intercept at (O, %) ifd=0.

®m  The asymptotes and one of the intercepts is enough to determine the defining
equation of the graph.

IB SYLLABUS

In exams, graphs should include
these asymptotes and possible
intercepts with axes.
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If the vertical asymptote is x = 1.5, the horizontal asymptote is y = -0.8 and the
x-intercept is (2.125, 0), then:
. g =-15, % =-08and0=2125a+b
* this equation system has infinitely many solutions; any c # 0 determines d, a
and b. These solutions all give the same graph.
* one possible solution (using c = 10) is y = 178 ,x# 1.5
10x—15
y
3 \
I
|
|
2 |
|
|
|
14 |
i
1\ (2.125,0)
T T T H T T T
2 4 1 2\\4 X
,,,,,,,,,,,,,,, R
— 1 ! y=-08
|
2] {x=15
i
|
-3 .
Exponential functions
Key definition CROSS REFERENCE
A function of the form x — a*, when a > 0, a # 1 is called an exponential More detailed discussion on limits
function. and limit notation can be found in
Topic 6 Calculus (page 51-52).

Key concepts and claims

m  For a> 1, the exponential function is increasing (x, > x, implies a% > a). It
has a horizontal asymptote, y = 0, but the graph gets close to this asymptote

y=0.5* I y=ar g
only as x is negative and |x| gets large (using the limit notation, lim a’=0 o y= 15
and lim a"= o). Xmee
x—oo
m For 0 <a< 1, the exponential function is decreasing (x, > x, implies a < a®).
It has a horizontal asymptote, y = 0, but the graph gets close to this asymptote
only as x is positive and x gets large (using the limit notation, lim a’= o
and lim a’=0). Xmee
x—>00
m  The range of all exponential functions is ]0, oo. It is particularly important to : : |
note that a* > 0 for all a > 0, even if the exponent is negative. 1 2 3 X
m  The y-intercept of all exponential functions is (0, 1) (since a® = 1).

®m  The slope of the tangent line at this y-intercept is changing as a changes.
For a unique value of this base a, the slope is 1. This value is important
in mathematics; it is called the Euler constant. The notation is e and its
approximate value is e = 2.718. The corresponding exponential function
is x — e"
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Logarithm functions

Key definition
For a > 0 and a # 1, the inverse of the exponential function x — a* is the
logarithm function, x — log x.

Key concepts and claims

The domain of the logarithm function is x > 0.
The x-intercept of all logarithm functions is (1, O) (since log 1 = 0).

For a > 1 the logarithm function is increasing (x, > x, implies log x, > log x,).

For 0 < a < 1 the logarithm function is decreasing (x, > x, implies
log x, < log x,).

m The line, x = 0, is a vertical asymptote of the graph of the logarithm function.

The x> log_x function, the inverse of x> e*, is called the natural logarithm
function. We use the notation Inx to denote the natural logarithm. It

should be noted that other sources may use different notation for the natural
logarithm function.

IB SYLLABUS
In this course, log x = Inx

X — qxlna
m Fora>0,a=landxeR,a'=e USING A CALCULATOR

® Important relationships between the exponential and logarithm functions: Use technology, for example
Geogebra, to investigate the effect
of changing the parameter a on

[0 doa*=xforallx>0,a>0,a=1 the shape of the graph y = a* and
y = log, x.

0 loga =xforallxe R,a>0,a=1

IB SYLLABUS
In the IB Mathematics formula booklets these two equalities are written as

log a* = x = a'*%*

This form does not emphasise that the second equality only holds for positive x,
but the first is true for any real number .

Graph transformations applied to exponential

and logarithm functions

[ | The graph Of}’ = IAek(J< O+ D has horizontal asymptote y = D. USING A CALCULATOR

m The graph of y = Alnk(x — C) has vertical asymptote x = C. Use technology, for example
Geogebra, to investigate the effect
of changing the parameters A, k, C
and D on the shape of these curves.
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2.4 Equation solving (sL2.7,2.8, HL 2.6, 2.7)

Equation solving is part of most mathematical problems, including the ones
related to real-life situations. GDCs can be used to find the approximate solutions
of any equation, but technology is not always needed (or allowed). It is important
to recognise when to use, and when not to use, a calculator. Sometimes it is
enough to determine the number of solutions without solving the equation,
especially with equations of the form f(x) = k. An analytic approach can also be
used in certain type of equations, for example:

®  Quadratic equations, ax* + bx + c =0 when a =0
_ —bxb* —4ac

2a
[1 The discriminant: A = b* - 4ac

0 Quadratic formula: x, ,

— If A >0, the equation has two distinct real roots.

— If A =0, the equation has one root (sometimes referred to as two equal
real roots).

— If A <0, the equation has no real roots.
B Linear equations and certain types of equations involving rational functions
[0 (HL) The absolute value may also be involved.
m  Certain exponential and logarithmic equations.
1 Laws of exponents and/or laws of logarithms can be used.

[0 For equations of the form a* = b, rewrite using the logarithmic form,
x = log b.

Solutions of an equation of the form
f(x) = 0 are sometimes referred to as
roots of the equation or zeros of the
function x — f(x).

The discriminant of the equation
kx> + 2x +k=0is A =4 — 4k,

For k = 0, this is a linear equation
with one solution, x = 0.

Fork = 1, A =0, so there are two
equal real roots.

For |k| > 1, A< 0, so there are no
real solutions.

For0<|k| <1, A>0, so there are
two distinct real solutions.

IB SYLLABUS
The equivalence of these two forms is in the IB Mathematics formula booklet.

USING A CALCULATOR

When graphs on a GDC are used

to solve an equation, it is important
to set a wide enough window to
contain all intersection points of the
graphs.

— For equations involving sums and differences of logarithmic expressions,
laws of logarithms may help. Sometimes a change of base is also
required. It should be noted that using the laws of logarithms may bring
in new solutions, so the final results need to be checked back in the
original equation.

[0 Some equations involving sums of exponential expressions can be reduced
to solving quadratic equations.

To find the solution(s) of 4* + 2% = 6 we rewrite it using t = 2*as ¢’ + t = 6.
So2x=t=2o0r-3, hence x=1.
B (HL) Polynomial equations of the form P(x) = 0

[0 For cubic and quartic polynomials there are general formulae to solve the
equation, but they are beyond the syllabus.

[0 For polynomials of degree greater than four, there are no general formulae.

[0 For polynomials of degree greater than two, factorisation is helpful for
finding solutions algebraically.

Inequalities of the form f(x) < g(x) can also be solved in some cases:

B Inspecting the graphs of f and g, finding intersection points and intervals
where the graph of f is below the graph of g help finding the solution.

m Forsimple f and g, the algebraic method is possible, otherwise technology

should be used.

The solution(s) of

logx + log (x + 1) = log6 can be
found after rewriting the equation
as logx(x + 1) = log6, so x(x + 1) = 6.
The solutions of this are x = 2 and

x = -3, but only x = 2 is a solution of
the original equation.

CROSS REFERENCE

See the factor theorem (page 4),
the formulae about the sum

and the product of the roots of
polynomials (page 5), and also the
claims about complex roots of real
polynomials (page 7).

The solution set of 1 — 2x — x? > 2%
is-2.34<x<0.

17



18 Topic 2 Functions and equations

Practice questions for Topic 2

To practice these skills, try these past paper questions. Start with the questions
with lower numbers (1-7). In exams, the first questions tend to check your
understanding of one specific concept (although this is not a rule, so don’t assume
this will always be the case). Questions 8—10 on the HL papers are still short
questions, but usually you need an imaginative approach to find a solution. The
long questions (HL 10-14 and SL 8-10) have multiple parts, often checking
understanding of several concepts and connections between these concepts. For
more detailed past paper references, see the charts on pages 97-113.

Date ‘ HL Paper 1 ‘ HL Paper 2 ‘ SL Paper 1 ‘ SL Paper 2
2014 November | 1,2, 11ab 6 1,59 1,4

2014 May TZ1 1,4 5a,6a,10a,12 1,7 10

2014 May TZ2 4,5, 8b, 14abd 33,7 3,8 2,8

2013 November |1, 3 3, 13bi 7.8 2a, 5a
2013 May TZ1 11bii, 12abcd 9 2,5 5a, 6, 9abc
2013 May TZ2 9,12 7b 1, 4, 9bc 10ai

2012 November | 3, 12acd 2 7 9abc

2012 May TZ1 23,4 1,6 9 2,10

2012 May TZ2 1, 7a, 10ab, 11abc | 6a 2,5, 6, 8ab

2011 November |9 8 1,7a 1,6, 7a, 10a
2011 May 121 8,10, 12d 4 1,7 2, 10cde
2011 May TZ2 1,58 5 5, 9abc 1,2

2010 November | 1,9 8 9abc 5, 8a

2010 May TZ1 1,2,5, Nab 9 1,7,8b

2010 May TZ2 2,10 11, 14ab 1,4 5

2009 November | 1,4,5 1,9 1, 4,7 7

2009 May TZ1 5,6 9abd

2009 May TZ2 1, 1abcd 4, 7, 13abc 1 2,3,7
2008 November |2 6, 12a 4 1,4

2008 May TZ1 8 2 7,9

2008 May TZ2 2,4 8,10 2,5 3




Circular functions and
Topic trigonometry

3.1 Radian measure (sL 3.1, HL 3.1)

Key definition

The radian measure 6 of an angle is the length of the arc corresponding to
the angle in the unit circle.

2

IB SYLLABUS

In exams, radian measures may be given as exact multiples of 1 (for example

2mor %) or as decimals (for example 1.23).

m Conversion between radian and degree measure

If the radian measure is given as an exact multiple of 7, for example 6 = kn, then
the corresponding degree measure is k x 180°.

For example, 25—T[ is the radian measure of 72°.

m Claims
The use of radian measure sometimes simplifies formulae, for example in a circle
with radius 7, if the angle is measured in radians, then: I
m the length of the arc [ corresponding to an angle 6 is given by the formula [ = 6,

and
m the area of the sector corresponding to an angle 6 is given by the formula

20
A= 5

IB SYLLABUS

Note that in the IB Mathematics SL formula booklet, it is not emphasised that
these formulae are valid only if the angle is measured in radians.

3.2 Circular functions (sL 3.2, 3.3, 3.4, HL 3.2, 3.3, 3.4, 3.5)

Basic trigonometric ratios

Key definitions N cost, sind) y (1, tan6)

e cos 8 and sin 0 are defined as the two
coordinates of the point on the unit circle
that corresponds to the angle 8 measured

counterclockwise from the positive x-axis. ™ ™
sin @
if cos6=0
0s 6

° tan 6 =

y = x tan6
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W (HL) Reciprocal trigonometric ratios

Key definitions

o secO =

1 .
50 if cos@ # 0

o c:sc:9=,L if sin@ # 0
sin@

e cotfh = 9059 ifsin@ # 0
sin @

m Values of the basic trigonometric ratios for some
special angles

0° 30° 45° 60° 90°
s i i3 i3
0 6 4 3 2
1 1
sin x 0 3 2 g 1
1 1
Cos X 1 % E 2 0
A
tanx 0 NE) 1 NE] -

Using the symmetries of the unit circle, we can find trigonometric ratios of other

angles, for example cos 120° = —%, sindlm = _ g or tan240° = 3

3

 Claims

B Pythagorean identities
[0 cos’@+sin’6=1forall6e R
[0 (HL) 1 + tan’6 =sec’6, 1+ cot?0=csc?0
® (HL) Compound angle identities
[ sin(a + P) =sinocos B+ cosasin B

[0 cos(a + B)=cosocos B sin osin B
tano * tan 8

L gy tanafanp
O tan(o £ ) 1T tanotan B

®  Double angle identities (for all 6 € R)
[1 sin(26) = 2sinOcos 6
[0 cos(26) = cos’@ —sin’0 = 2cos’0—-1=1-2sin’0

_ 2tan®
0 (HL) tan(26) = T an’s

The double angle identities are easy consequences of the compound angle
identities using a= = 6.

1x

A
2 2

Ifsin@ = % then

L9 _16
25 25

If we also know that 6 is obtuse,

cos’ O =

then (without finding 6) we

.

3

2

can conclude that cos8 = —%
and tan @ = —%
cos 260 sin?6
- 20 ]
in@
o sin@ cosf
6
1
sin 20
0 cost sin@ cosf
(0 ]

cos26




3.2 Circular functions (SL 3.2, 3.3, 3.4, HL 3.2, 3.3, 3.4, 3.5) 21

Basic circular functions

Key definitions

* x> sinx, x = cosx (defined for all x e R) and

o x— tanx (defined forx e R, x #

are called circular functions.

+ I i3_r[ iS_n )
277277 20

I Properties

-1 <sinx, cosx < 1, the range of x > sinx and x > cosx is [-1, 1].

The graph of x — tanx has vertical asymptotes:

3n

The range of x > tanx is R.
_n  __T —
x—j,x——j, X =

Periodic nature:

2

y X = —

3n .
2)

1 sin (x + 2m) = sinx, cos (x + 2m) = cosx forall x e R;
both x — sinx and x +> cosx are periodic with period 2.

[ tan (x + 1) = tanx for all x in the domain; the function x> tanx is

periodic with period .

(x — sin(x) is an odd function)

(x +> cos(x) is an even function)

Symmetries:

[ sin(-x) = — sinx

[ cos(-x) = cosx

O

[ sin(m - x) =sinx

[1 cos(m=x)=—cosx
[0 tan(m - x) = - tan(x)

tan (-x) = - tan(x) (x - tan(x)is an odd function)

Relationships between trigonometric ratios:

. T
O sm(x+—)=cosx

2

O sm(x—f )——COSX

[ sin % )=cosx
O s(x+%)=—smx
O s(x %)=smx
O (%— )=smx

Similar relationships are of course true if angles are measured in degrees.

sin 17° = sin (180° — 163°) = sin 163°

cos 17° = —cos 163°

tan 17° = —tan 163°

sin 163° = sin (90° + 73°) = cos 73°

sin73° = sin (163° - 90°) =

—-cos 163°

sin 73° = sin (90° - 17°) = cos 17°
c0s124° = cos (90° + 34°) = —sin 34°
c0s34° = cos (124° - 90°) = sin 124°
c0s56° = cos (90° - 34°) =sin34°

14 /_
T X
b 3_Tt b
\3/
_']—

N3

Part of the graph of y = sinx

/NN

Part of the graph of y = cosx

1 y 1 1 1
| | | |
I 34 | | |
| | | |
l l l l
| | | |
| 2 | | |
l l l l
| | | |
| | | |
l 14 l l l
| | | |
| | | |
l l l l
5 t o fro & fr |0
2 2 2 |
| 14 | | |
l l l l
| | | |
| | | |
1 [-2 - | | |
| | | |
| | | |
| | | |
1| =34 | | |
| | | |

Part of the graph of y = tanx

CROSS REFERENCE

See also: the definition of odd and
even functions on page 11.
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Inverse circular functions (HL)

Key definitions

Although none of the basic circular functions are one-to-one, with
appropriate domain restriction we can define their inverses:

T T L . .
e On 5 7}, X sin x is a one-to-one function; it has an inverse,

x> arcsinx (or with a different notation, x — sin™ x).

* On [0, 1], x> cosx is a one-to-one function; it has an inverse,
x> arccos x (or x> cos™' x).

T . . . .
* On 33 X tan x is a one-to-one function; it has an inverse,

x> arctanx (or x> tan™ x).

W Properties

® The domain of the arcsin function is [-1, 1], the range is |:—E E} .

2’2
y
%_ y:sin’1x
T T T T T T T T '/—x
-2 -1 1 2 3 4 5 7
_T
2

® The domain of the arccos function is [ -1, 1], the range is [0, 7].

y
e
y = cosx
2
T 7 1 T T T T /—I\ X
27 A 1 3 4 5 6 7
® The domain of the arctan function is R, the range is }— %, %[
| |
| |
| |
| |
| |
| |
e ——
| |
| |
| |
| |
| |
| |
T T T T
5! 4 4 157
| |
| |
| |




3.2 Circular functions (SL 3.2, 3.3, 3.4, HL 3.2, 3.3, 3.4, 3.5) 23

Transformation of graphs of circular functions

The diagram below shows the graph of the composite function

s Ao e+
Different C-values give the same graph. The diagram shows the position of C if Applications of transformations of

zn circular functions include modelling
the tide and modelling the motion of
a Ferris wheel.

A and B are positive numbers and 0 < C < 2%

N N4 M
" T

. 27
eriod = =
P IB]

One possible transformation combination to convert the graph of x> sin x to this
graph is:

m avertical stretch by a factor of | A|
(If A < O, then a reflection in the x-axis is also involved.)

m followed by a horizontal stretch by a factor of é

(If B < 0, then a reflection in the y-axis is also involved.)
m followed by a horizontal translation by C units to the right
m followed by a vertical translation by D units upwards.

It should be noted that the shape of the graph only determines D uniquely; there
is some freedom to choose A, B and C.

|Alis unique; it is called the amplitude of the graph, but A can be positive or
negative.

m [B|is also unique, determined by the period of the graph, but B also can be
positive or negative.

m For any combination of positive or negative A and B, there are infinitely many
possible C-values, due to the periodic nature of the sine function.

Starting with the cosine function, we can get a composite function in the form
x> A cos (B(x — C)) + D to give the same graph. The values of A, B and D are
the same as for the sine function, only C should be chosen differently.

If a sine curve has a minimum point at (5, —0.7) and the closest maximum point at (9, 2.3), then a possible equation can be
found using the following steps:

Amplitude: |A| = #: 1.5
The periodis 2 x (9 = 5) =

2m
So = =8, hence |B|= E

=(7,0.8)

The point halfway between the minimum and maximum point is (5 *+9 23+(=07

2 )
Hence a possible choice is

A=15B=7%C=TandD =08, (©.23)
S0 a possible equation is A)\

y=l.5sin(%(x—7))+0.8 %
(5, 07)
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Linear combinations of trigonometric functions (HL)

For any A, B € R, A, B # 0, the function x> Acosx + Bsinx can be written in
the form x> Csin(x + 6) for some C, 8 € R. This C and 6 are not unique, but:

m C=A+DB
A _ne B - A
[ | C =sin 6, C cos 6, B tan 6.
Similarly, Acosx + Bsinx can also be written in the form Dcos (x + w).
m D=A’+B?
A_ B _ghe B -
| D~ COs ), D sin @, A tan @

For cosx — +/3sinx, A= 1, B = —/3.
_\B
5

Let C = \/1+3 = 2. We need 6 such that sin8 = % and cos@ =

. .5
One possible value is %+ SO

S5
cosx — 3sinx = 2sin (x + f)

Similarly, cosx — /3 sinx = 2 cos (x + %)

3.3 Trigonometric equations (sL 3.5, HL 3.6)

Due to the periodic behaviour of circular functions, equations involving these
functions often have infinitely many solutions. However, restricting the domain of USING A CALCULATOR
the equation to a finite interval usually reduces the number of solutions to a finite
number. In some cases these solutions can be found using analytic methods; in
other cases it is necessary to use a calculator.

Understanding the nature of the solutions (the symmetries involved) in the ml

following simple cases, is the basis of all analytic equation solving. For sine and The solutions of

Revised [

GDCs can give approximate
solutions to any equation.

cosine, either thinking about the definition of trigonometric ratios using the unit 2 1sin’x — cos 1.3x = cos’x + 3sin0.7x
circle, or using the graph of the function, helps us realise that there is more than on the interval -2, 3] are x = -0913,
one solution. It is very important to keep in mind that using sin™ or cos™ on the 548 and 8.75.

calculator gives only one of the possible solutions.

B We are looking for the solutions of sinx = % on0<x<2m

N
2 NS .

y

[0 There are two solutions, x = % and 7.

6



3.3 Trigonometric equations (SL 3.5, HL 3.6) 25

m  We are looking for the solutions of cos x = —% on0<x<2m

/
A

1 There are two solutions, x = ZTT[ and 4—3“

T
B tanx = k has a unique solution in the interval :|_7v 7 |: forany k € R. For
1
k=0,+1, 43, + /3 You should know how to find this solution without

a calculator.

m Strategies for solving trigonometric equations

B Sometimes using the double angle formulae can help.

To solve +/3 cosx = sin2x on |-, 7i[, we can rewrite it as /3 cosx = 2sinxcosx, Of
after a bit of rearrangement, cosx(+/3 = 2sinx) = 0. Note, that if you cancel cosx
in the equation after using the double angle identity instead of the suggested
rearrangement, you miss the solutions corresponding to cosx = 0.

. o7 21
The solutions are x = if’ 3 and 3
The solutions x = i% correspond to cosx = 0.

B Some trigonometric equations lead to quadratic equations.

Using the Pythagorean identity, the equation 1 + cosx = 2 sin’x is a quadratic
equation in t = cosx: 1 + ¢t = 2(1 - ¢?). This can be rearranged to 2¢ +t -1 =0.

1
Hence, cosx =t = 70r -1.

The solutions satisfying, for example, -180° < x < 360° are x = —60°, 60°, 180° and 300°.

m  Applying trigonometric identities can also lead to higher order polynomial
equations. Since we don’t learn about general solutions of higher order
polynomials here, the solutions to these involve different approaches.

(HL) Using the Pythagorean identity between tan and sec, the equation
3tan’x + 3sec’x = tanx + 4 becomes the cubic equation
38+3t2-t-1=0int=tanx

Factorisation gives tanx=t = —l or £ L , which on ]-m, n[ leads to the solutions

3

w

n 3n
44

,+—and i%.

X =

[Nl
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3.4 Triangle trigonometry (sL 3.6, HL 3.7)
Note

In the statements of the following theorems A, B, and C denote the vertices and
also the angles at the vertices of triangle ABC, and a, b and ¢ denote the lengths
of the sides of the triangle opposite to the vertices A, B and C respectively.

Cosine rule

= Claim
at+ b= ¢!

2ab

Since cos90° = 0, the cosine rule is actually a generalisation of Pythagoras’
theorem.

2 2 2
m ¢ =a +b" —2abcosC or cosC=

W Applications

m  The first form of the rule can be used to find the length of a side of a triangle
if the lengths of the other two sides and the angle between these two sides are
given. In this case, any given data gives a unique solution.

The second form is usually used to find an angle in a triangle when the
lengths of the sides are given.

[ In this case, angles can only be found if the given lengths satisfy the
triangle inequalities:a + b >¢,b+c>aandc +a>b.

[ If the given lengths are not like this, the formula gives a cos C value
outside of the ]-1, 1[ interval.

[ If the given data satisfies the triangle inequalities, then using cos™ on the
calculator gives the unique solution.

[0 The smallest angle is always opposite the shortest side of the triangle, and
the largest angle is opposite the longest side.

Ifa=1,b=2and c = 4, then the second form of the cosine rule would give
cos C =-2.75.

There is no such angle, because -1 < cos C < 1.

Also, trying to find cos™(-2.75) with a calculator would result in an error
message.

These are indications that there is no triangle with the given side lengths.

Sine rule

M Claim

- a _ b _ ¢ sinA _ sinB_ sinC
sinA _snB _snC a b ¢

m Applications

m  The first form of the rule is useful when at least two angles and the length of
one side of the triangle are given. The third angle is easy to calculate, since
the sum of the angles of a triangle is 180°. The sine rule can be used to find
the lengths of the other sides. In this case the solution is always unique.

USING A CALCULATOR

Geogebra is an ideal tool to
illustrate the way a triangle might be
constructed from a given set of data.




3.4 Triangle trigonometry (SL 3.6, HL 3.7)

® The second form is useful when the lengths of two sides of a triangle are given,

along with an angle opposite to one of these sides. Assume now that a, b and
the acute angle at A are given. In this case the rule can be used to calculate
sin B. Unfortunately, depending on the data, this is not always enough to
uniquely find the angle at B:

[0 Ifa>b, then applying sin™' to the value the rule gives for sin B, we get the
unique solution for the angle at B.

[0 Ifa<b, then:

— it can happen that we get sin B > 1, in which case there is no solution for
the angle at B (there is no triangle with the given data, a is ‘too small’)

— if we get sin B = 1, the solution is unique; there is a unique right-angled
triangle with the given data

— ifsin B < 1, applying sin™ to this value gives 6, a possible angle at B. In
this case 180° — @ is also a possible solution. So there are two different
triangles with the given a, b and the angle at A.

Try to construct a triangle with b = 4, the angle at A of 30° and with different
values for a.

For a < 2, there is no such triangle.
For a = 2, there is a unigue right-angled triangle.
For 2 < a < 4, there are two possible triangles.

For a > 4, there is, again, a unique solution.

Area of a triangle

m Claim

B Area= %absin C

W Application

This formula is usually used to find the area of a triangle, but it can also be used to

find, for example, the angle at C if the area and the lengths of two sides, a and b
are given. It should be noted, that in this case only sinC can be found uniquely.

m Ifsin C > 1, then there is no triangle with the given data.
m Ifsin C = 1, then there is a unique right-angled triangle.

m Ifsin C < 1, then there are two possibilities for the angle at C, and there are
two triangles with the given area and a and b values.

Real life application of
triangle trigonometry

CROSS REFERENCE

See also: the cross product of
two vectors in Topic 4 Vectors on
page 32. (HL)

It is beyond the syllabus, but there is
another formula for the area of the
triangle that uses only the length of
the sides. Using

a+b+c

= ———— theareais
S 2

Js(s —a)(s = b)(s — ¢) .

This is called Heron’s formula.

Triangle trigonometry is a useful tool in land surveying and navigation.
It is important to know the meaning of terms such as:

B bearing (usually means the direction compared to the north, measured
clockwise from North)

B angle of elevation and angle of depression (the angle formed with the
horizontal).

27
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Practice questions for Topic 3

To practice these skills, try these past paper questions. Start with the questions
with lower numbers (1-7). In exams, the first questions tend to check your
understanding of one specific concept (although this is not a rule, so don’t assume
this will always be the case). Questions 8—10 on the HL papers are still short
questions, but usually you need an imaginative approach to find a solution. The
long questions (HL 10-14 and SL 8-10) have multiple parts, often checking
understanding of several concepts and connections between these concepts. For
more detailed past paper references, see the charts on pages 97-113.

Date HL Paper 1 HL Paper 2 SL Paper 1 SL Paper 2

2014 November 9, 10a, 14 3,5

2014 May TZ1 5ab, 7, 10 1,9

2014 May TZ2 59 4 1 1,56
I N I A

2013 November | 8 8 5 8

2013 May TZ1 10a, 1 57 8,10

2013 May TZ2

2012 November 1,7 5 8
2012 May 121 5,10 57 9
2012 May 122

2011 November | 1, 4ab, 8a 4 6, 9ab 3,4
2011 May TZ1 5 3,6 6 1, 8ab
2011 May TZ2 7 1,8 10 5,10
2010 November 1 3,5 6,10
2010 May TZ1 13ac 1,3, 13ab 4 5,8
2010 May TZ2 6 513 8
2009 November 3,12 6 8
2009 May TZ1 2,56 2,3
2009 May TZ2 9 12 7 4, 10abc
2008 November | 11 1 7,10 6
2008 May TZ1 4 7,12 2,4 2,3

2008 May TZ2 3,9 2,5 4, 10abc 8




Topic 4 Vectors

4.1 Vector algebra (SL 4.1, 4.2, HL 4.1, 4.2, 4.5)

Vectors

Key definition (informal)

A vector in two or three dimensions is an object with direction and magnitude.
One can view vectors as displacements in the plane (two dimensions) or space
(three dimensions).

® [llustration
-v
We can illustrate vectors using directed line segments. The line segment with v
the same length and same direction represents the same vector. (The five line .
w
v

segments in this diagram represent four different vectors; u, v, w and —v.)

Vectors are important objects in mathematics. Usually they are defined
axiomatically through algebraic properties, but this approach is beyond the scope
of this course. Our aim is to illustrate these algebraic properties using two- and
three-dimensional vectors.

B Notation
m  We can use the labels of the start and end points of directed line segment to C
denote vectors: AB. Note that for the parallelogram in the diagram (right),
AB =DC. B
B In print, usually boldface typesetting represents vectors: v.
® In handwritten notes, and sometimes in print, underlined letters, or an arrow D
above a letter is also common notation: v or v.
A
®  The magnitude of the vector v is |v].
m  For a vector v, there is another vector with the same magnitude such that B 53'
the corresponding directed line segments point in the opposite direction. “1.5) o2+ 2 3
This vector is —v. ' A 3-5 -2
m  There is a unique vector with magnitude 0, the zero vector: 0.
B Ina two- or three-dimensional coordinate system, the directed line segment 37 2,3 ¢
OA from the origin O to a point A is called the position vector of A. , 3,2)

®  In two dimensions, for A = (a,, a,), the usual notation for the position vector is

() . |t

In 3D space, for A = (a,, a,, a,), the notation is OA = | a, |. 1 5 e

as —14

a, a,, (and in three dimensions, a,) are the components of OA.
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Operations on vectors

m Addition

If the two line segments representing vectors @ and b have a common starting
point, then the sum a + b is represented by the diagonal of the parallelogram
spanned by the two vectors as shown on the diagram.

Alternatively, if the starting point of the line segment representing the second
vector is the same as the end point of the line segment representing the first
vector, then the sumis AB + BC = AC .

b

m  Subtraction

The difference of two vectors v and w is defined by v —w = v + (— w).

If the starting points of the representing line segments are the same, then
the difference of the two vectors is again represented by a diagonal of the
parallelogram spanned by the vectors: AD — AB = BD.

®  Multiplication by a scalar

For a vector v and a real number k € R, the magnitude of the vector v is
multiplied by |k| to get the magnitude of the vector kv : |kv| = |k|]v].
The vectors v and kv are parallel.

1 If k>0, then the direction of kv and v is the same.

[0 Ifk < 0O, then these vectors point in opposite directions.

M Properties of vector operations

vtw=w+to

WwW+w)+u=v+ (w+u

E B B B B N
T
-
=
<
|
|
<

Ov=0
k+xlv=kv+lv
kv £ w) = kv + kw
R
B, [Flw, [Ty, 2w,
v, w, vy = w,
v, kv,

Uy kv3

m  There are three special unit vectors in 3D space:

1 0 0
i=|0)j=|1|andk=|0].
0 0 1

Using these vectors we can express any three-dimensional vector using
Yy
its components: | | = vi+vj+ vk.

Uy

nao.ita=| o= land ’
n2D,ifa=| |b=| . fande=| , |

then

_6— 3
Ta+6b-c= 14-6-5 =( j
7+18+4 29

IB SYLLABUS

Both of these notations are used in
exams.




4.1 Vector algebra (SL 4.1, 4.2, HL 4.1, 4.2, 4.5)

Of course, similar unit vectors can be used in two dimensions:

v, 1 0 o
=v +o =vi+uj
vz 1 O 2 1 1 2
B The magnitude of a vector in component form is:
lv| = \Jv, '+ 0.}, and in 3D space |v|= /v +v) +0;.

m A vector u is called a unit vector, if |u| = 1. For any non-zero vector v, the

unit vector in the direction of v is lll .
v

Scalar (or dot) product

The unit vector in the direction of
3y 1 3) (06
—4)"® 3 +4 (4] (08

Revised [

Key definition
For two vectors v and w, the scalar (or dot) product is defined as:

v-w = |v||w]|cos 6, where 0 is the angle between the directions
of vand w.

® Claims

N vw=w-wv

k- w) = (ko) w =wv -+ (kw)

[ |
Hov(w+ruw=vew+v-u
Yy w,
[ and w = :
vy w,

, where 6 is the angle between these two vectors.

In two dimensions for v =
O vew=vw +tvw,

[ cosg= ——-+%
|v] |w]
Yy w;
B In three dimensions forv =| v, |andw =| w, |:

Y3 Ws
0 vew= vw, +ow, + vw,

v, wy + v,w, + VW,

[ cos@=
|v] |w]
m If two vectors, v and w, are perpendicular, then v + w = 0. Conversely, if
v+ w = 0, then either v and w are perpendicular, or one of the vectors is O.
This is a very useful and important characterisation of perpendicularity.
B Jd=vev= |vey| = |ul|o] = |v]?
®m  More generally, if two vectors are parallel, then |v+w| = |v||w]. This
is a consequence of the fact that if v and w are parallel, then v = kw.

Conversely, if |v+w| = |v||w]|, then either v and w are parallel, or one of

the vectors is O.

, where 6 is the angle between these two vectors.

IB SYLLABUS

Note that in the IB Mathematics formula booklets the angle formula is given

only in 3D form. Also, in the IB Mathematics SL formula booklet, it is given in
vew

|vf[w]”

the form cos @ =

The dot product of two vectors is
a number (hence the name scalar
product).

In other sources v - w = vw, + v,w,
is used as the definition of the dot
product (and the similar expression
in 3D space). We can prove the
equivalence of these approaches
using the cosine rule.

5 m
) and | _5 | are perpendicular if

and only if 5m + 2(-3) = 0, som = 1.2.
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32 Topic 4 Vectors

Vector (or cross) product (HL)

Key definition
For two vectors, v and w in 3D space, the vector product v x w is defined v Xw
as follows: ”
e v X w is also a vector in 3D space. v
e |luxw| = |v||w]|sin 6, where 6 is the angle between these two vectors.
e If v and w are not parallel, then v x w is perpendicular to both v and w,
and the direction is specified by the right-hand screw rule. CROSS REFERENCE
e If v and w are parallel (or one of these vectors is 0), then v x w = 0. See also: the area of a triangle in
the section on trigonometry on
m Alternative definition page 27

For two vectors,v = vji + vj + v,k andw = wi + wj + wk,

vxw=(w, -vw)i+@w -vw)j+ @vw, -vw)k

We do not prove the equivalence of these two definitions, but we use both of
them.

The first definition is used to interpret the vector product; the alternative
definition is used in calculating the vector product.

® Claims

B ouXw=-wXov

B klxw) = (kv) xw =wv % (kw)

B ooXxwtu=vXxw+uxu

B |v xw] is the area of the parallelogram spanned by v and w.
|

If v and w are parallel, then v x w = 0. In particular, v X v = 0.

Forw=1i+2j-5kand w = 3i - j + 4k,

2-4 —(-5)(-1)
vxw=| (-5)3-1-4
1(-1)-2-3

vxaw=3i- 19 - Tk

It is an easy check thatw+ (v xw) =0, and w * (v xw) = 0, 50 v x w is indeed
perpendicular to both v and w in this case.

Mixed (or triple) product of three vectors (HL)
In 3D space, |u - (v x w)| is the volume of the parallelepiped spanned by the three — _

The three vectors, u, v and w are
coplanar, if and only if u « (v X w) = Q.




4.2 Equations of lines and planes (SL 4.3, 4.4, HL 4.3, 4.4, 4.6, 4.7)

4.2 Equations of lines and planes
(SL4.3,4.4, HL 4.3, 4.4, 4.6, 4.7)

Lines in the Cartesian plane (except vertical lines) can be described by a point
and the gradient of the line. Unfortunately, the gradient is only used for two
dimensions, it is not easy to generalise this concept to three dimensions.

Equations of lines

We can use vectors to specify the position of a line in the space (or similarly in
the plane). A position vector p = QP points to a point P on the line. A vector v
specifies the direction of the line.

m  The vector equation of the line is r = p + tv (where t is any real number),
or in component form:

X by Yy
Y|=| P | T,
4 Ps Vs

® (HL) Parametric form: x =p, + tv, y=p, +tv,, z=p, +tv,.

- b =}’—PZ=Z—P3.

Yy vy U5

m (HL) Cartesian form: a

It is necessary to be able to find the vector equation of a line if the line is specified
in a variety of ways, for example by two points. It is also important to know how
to read off the direction vector and a point on a line if the equation is given.

(HL) Conversion between forms of equations is also important.

In 2D we can convert the equation y = 2x — 3 to these new forms by finding

a point, e.g. (0, -3) on the line and a direction vector, e.g. (;]

Cx) O+ 1
Vector form: y =5 tz.

Parametric form: x = ¢,y = -3 + 2t

+3
Cartesian form: % = yT

Lines in the plane

The possible positions of two lines in the plane are not too complicated. If the two
direction vectors are v, and v,, then:

m Ifw, is parallel tow,, the lines are either parallel, or they are coincident (all
points are common).

m Ifw, is not parallel to v,, the lines intersect. Note that this is only true in two
dimensions. In 3D space there are other possibilities.

It is important to know how to find the intersection point of intersecting lines,
and how to find the angle between two lines.
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34 Topic 4 Vectors

Lines in 3D space

X a, v, x| (b w,
Let|y|=1|a, |+t v, |and|y |=|b, |+ s| w, | be the vector equation of two
z as Vs R b, W

lines in 3D space.

m  If the direction vectors v and w are parallel, then the lines are either parallel
(they have no common point, but there is a plane that contains both lines), or
they are coincident (all points are common, they are on top of each other).

m  If the direction vectors are not parallel, then the lines either intersect (there is
a unique common point and there is a unique plane containing both lines), or I,
they are skew (they have no common point and there is no plane containing

both lines).

To decide, we need to also consider the position vectors a and b of the points
on the lines. A possible intersection point with coordinates (x, vy, z) has to be
on both lines, which leads to the following equation system to solve:

L

l; and I, intersect
I, and I3 are parallel lines
l; and I3 are skew lines

a +vt=b +ws
a,+vt=>b, +ws

a,+vt=>b, +ws

This is a linear equation system, using three equations to solve for two

unknowns, t and s. If there is a solution, the lines intersect. If there is a CROSS REFERENCE
contradiction in the system, then the lines do not have a common point. See also: the dot product on
®m The angle between two lines (even when they do not intersect) is defined as page 31.
the angle between any two intersecting lines that are parallel to the original Note the modulus sign in the
two lines. This angle can be calculated using the formula cos 8 = lv-wl numerator. The angle between two
o |v] |w] lines is never more than 90°.
(where v and w are the direction vectors).

Kinematics

An important application of the vector equation of lines is the description of
constant speed movements of an object along a straight line. In the equation
r = p + t, t represents time, p is the position vector of the starting point (the
position of the object at t = 0), v is the velocity vector, specifying the speed
|v| and the direction of the movement, and r is the position of the object at
time t. Examples include moving cars or boats (in two dimensions) or moving
aeroplanes (in three dimensions).

m It is important to know how to find the position of the object at any given
time. For two objects, it is important to know how to find the distance
between them at any given time.

m  For two objects, there is an important difference between questions such as:
‘Do the paths intersect? or ‘Do the objects meet?” We have discussed already
how to find intersection points of lines by solving an equation system in two
variables, t and s. To answer questions about a meeting point, we have to find
the intersection point of the paths, and also the objects have to be at the
intersection at the same time.

If two cars are moving on straight roads according to the equations

3 1 1 4 . .
r= [Zj + t(4j andr = (13) + t(_}} then the crossing of the roads is at

(5, 10) (so the paths intersect), but since the cars are at the crossing at different times
(t =2 and t = 1 respectively), they do not collide.

The minimum distance between these two cars can be found by minimising the

distance function, \/(2 —3t)* + (7t = 11)* or the square of this distance function,
58t — 166t + 125.




4.2 Equations of lines and planes (SL 4.3, 4.4, HL 4.3, 4.4, 4.6, 4.7)

Equation of planes in 3D space (HL)

We can use vectors to specify the position of a plane in 3D space. A position
vector p = OP points to a point P on the plane. Two non-parallel vectors v and w
are needed to specify the ‘direction’ of the plane.

m  The vector equation of the plane is r = p + tv + sw (where t and s range over
all real numbers), or in component form,

X by Yy Wy
Y|=1|D, | Ty, |+s|w,
be Ps U5 ws

Instead of the two vectors v and w parallel to the plane, we can specify the
‘direction’ of the plane using a vector n perpendicular to the plane. We call such
a vector normal to the plane. Using the normal vector and scalar product, the
equation of the plane is r - n = p - n, or in component form,

x4 br)fa
Y|{b|_lp, b
¢ ¢ b; ¢

m This leads to the Cartesian equation of the plane,
ax+by+czx=d

It is necessary to be able to find the equation of a plane if it is specified in a variety
of ways, for example by three points. It is also important to know how to read off a
normal vector and a point on the plane if an equation is given.

A vector equation of the plane through the point (3, 4, -1) and parallel to the

-2 -1 3 -2 -1
vectorsa=| 1|landb=| 2|isr=| 4| +¢| 1| +s| 2
1 0 -1 1

2
Usingb xa=|1 | as normal, we get a Cartesian equation
3

2x+y+3z=1.

Angle between lines and planes (HL)

®m The angle between two planes is the angle between any two lines parallel to
the normal vectors.

Ifn and n, are the two normal vectors, then this angle can be calculated
|n -, |

using the formula cos 6 = Tafla,]
il

® The angle between a plane with normal vector n and a line with direction

n ol

In| o]’

vector v can be calculated using the formula sin8 =
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36 Topic 4 Vectors

Relative position of lines and planes (HL)

® A line with direction vector v and a plane with normal vector n can have zero,
one or infinitely many common points.

[0 There are no common points if the line is parallel to the plane. In this
case, v is perpendicular to n.

[0 There are infinitely many common points if the line is completely in the
plane. v is perpendicular to n in this case too.

[0 The line can also intersect the plane at a unique point. To find the
intersection point, the parametric equation of the line and the Cartesian
equation of the plane are useful. An important special case is when the
line is perpendicular to the plane, in which case v is parallel to n.

The intersection of the line x=1+1t,y=2t -1,z =2 - 3t with the plane 2x + y -z =6
can be found by solving the equation 2(1 +¢) + 2t - 1) — (2 - 3¢t) = 6.

The intersection point (2, 1, -1) corresponds to the solution ¢t = 1.

®  Two planes with normal vectors n, and n, can have zero or infinitely many
common points.

1 There are no common points if the planes are parallel. In this case n, is
parallel ton,.

[ n is also parallel to n, if the two planes are the same (and hence all points
are common).

[0 The two planes can intersect in a line. The direction vector of the
intersection line is perpendicular to both normal vectors. The vector
product n, x n, is useful in finding this direction vector and hence the
equation of the intersection line. An important special case is when the
planes are perpendicular, in which case n, is perpendicular ton,.

USING A CALCULATOR

To find the equation of the intersection line of the planes 3x - y + z = 0 and GDCs have built-in applications to
x +y -2z =5, itis useful to find a common point of the two planes (for example, find solutions of equation systems,

(1, 2, 1)), and a possible direction vector as the cross product of the normals of even if the solution is not unique.
For the intersection of the two

3 1 1 planes in the example, the output is
the planes: | -1 | x| 1=1]7 x, = 1.25 + 0.25x,
U=z 4 x, = 375 + LT5x,
X=X
B Depending on their relative position, three planes can have zero, one, or
infinitely many common points. Where there are infinitely many common
points and the three planes are not all the same, then the common points CROSS REFERENCE
form a line. To find the possible common points, the Cartesian equations of See also: how to solve linear
the planes are useful. They will give a linear equation system (three equations, equation systems on page 8.

three unknowns) to solve for the coordinates of the possible common points.

m  Given two intersecting lines with direction vectors v, and w,, there is a unique
plane containing both lines. The normal vector of this plane is perpendicular
to both direction vectors. The vector product v, x v, is useful in finding this
normal vector and hence the equation of the plane.

2



4.2 Equations of lines and planes (SL 4.3, 4.4, HL 4.3, 4.4, 4.6, 4.7)

Typical questions involving lines and planes

Thinking about the direction vectors of the lines involved and the normal
vectors of the planes involved helps solve these kinds of problems. It is especially
important to recognise when vectors are perpendicular, and use the scalar or
vector product as appropriate.
m  Equation of a line through
1 two given points
[ a given point and

— parallel to a given line

perpendicular to a given line in 2D

perpendicular to two given lines in 3D

(HL) perpendicular to a given plane

(HL) parallel to two given planes
® (HL) Equation of a plane containing
[0 three given points
[ a given point and a given line
[0 two intersecting lines
[0 a given point and
— parallel to a given plane
— perpendicular to a given line
[ two given points and parallel to a given line
[ agiven line and perpendicular to a given plane
® Intersection of
[ two lines
[0 (HL) aline and a plane
0 (HL) two planes
[0 (HL) three planes

Intersection questions usually involve
solving linear equation systems.

In 3D the parametric equation of
the line is the most helpful.
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38 Topic 4 Vectors

Practice questions for Topic 4

To practice these skills, try these past paper questions. Start with the questions
with lower numbers (1-7). In exams, the first questions tend to check your
understanding of one specific concept (although this is not a rule, so don’t assume
this will always be the case). Questions 8—10 on the HL papers are still short
questions, but usually you need an imaginative approach to find a solution. The
long questions (HL 10-14 and SL 8-10) have multiple parts, often checking
understanding of several concepts and connections between these concepts. For
more detailed past paper references, see the charts on pages 97-113.

Date ‘ HL Paper 1 ‘ HL Paper 2 ‘ SL Paper 1 ‘ SL Paper 2
2014 November | 3, 12 1,5 7,10
2014 May TZ1 12 8 4
2014 May TZ2 3b, 6, 12 4,9
I I N A B
2013 November | 11 7,9 1 9
2013 May TZ1 2 N 1,8
2013 May TZ2 " 4,8

2012 November 6,9, 11c 13 6,9
2012 May TZ1 4,13 8
2012 May TZ2 2 1 8

2011 November | 12 13 8
2011 May TZ1 4,1 10, 1 2,9
2011 May TZ2 6 " 3 8

2010 November | 7,10 9 12 8 4
2010 May TZ1 3,6 " 10

2010 May TZ2 3,12 7 2 9
2009 November 2,1 2

2009 May TZ1 8 57 1 9 5
2009 May TZ2 10 2 2,10

2008 November | 10 4,5,10 2 8
2008 May TZ1 1 3,5 7,9
2008 May TZ2 10, 1 8 7




Topic 5 Statistics and probability

5.1 One variable statistics (sL 5.1, 5.2, 5.3, HL 5.1)

In statistical applications, we would often like to investigate properties of a

large population, where collecting data from all the individuals is not practical

or is impossible. The method often used is: _
Statistics are used to collect and
evaluate data. They are also used

m to collect data from a randomly chosen sample (a subset of the population)

B to evaluate the data from the sample (find the mean, variance, etc) using the to draw conclusions and make
concepts we have learnt predictions from the information
gathered.

B to draw some conclusion to estimate the characteristics of the population
(mean, variance, etc).

In this case, statisticians distinguish between population mean, variance, etc
(which we don’t know due to lack of data) and sample mean, variance, etc (which
we can calculate and use to estimate the characteristics of the population).

However, these finer points of statistics are beyond the scope of this course. In
this course we only work with data sets where all the data is known. We are not
learning how to estimate population parameters from sample statistics.

IB SYLLABUS
In exams, data will be treated as the population.

W Key concepts

[ We talk about discrete data if the unit of measurement cannot be split The discrete data
infinitely (for example ‘number of ...).

1,1,1,1,1,1,1,1,1,1,2,2,2, 2,
[0 We talk about continuous data if any real number (from an interval) is 2,3,3,3,3,3,5,5,6,6,6,6,6,6,
meaningful (for example ‘height of ..."). 6,6,6,6,6,7 779, 13,13

can be represented using

B If numbers appear several times in this list, then instead of writing them down frequencies in a table:

repeatedly, we can introduce frequencies and present the data by saying:

x, appears f, times, x, appears f, times, ... . X /;
m  If the data is given using frequencies, then the mean of the data is the average: ! 10

_ I it v i . . 2 °

X = . In the IB Mathematics HL formula booklet, in the 3 5

f1+fz+ +fk

core section, the mean is denoted by u. The reason for this is that in statistics > 2

w is usually reserved to denote the mean of the large population and x is used 6 1

to denote the mean of the sample we take from the population. 7 3
® The mode of a set of data is the number that appears the most in the list. A 9 !

dataset may have more than one mode (or be considered to have no mode). 13 2

B The median of a set of data is the number such that half of the data is
below that number and half of the data is above that number. More precisely,

if x, <x, <+ < x, and: USING A CALCULATOR
[0 ifn =20+ 1, then the median is x GDCs have built-in applications

I+1 X . .
x to find mean, median, quartiles,

X+
0 ifn= Zl, then the median is % etc. However, in exams, you may
be asked to find these statistics

m  The range of the data is the difference between the largest and smallest without using a calculator.

element of the list.
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m The Pth (0 < P <100 ) percentile of a dataset is the number such that

P percent of the data is below that number.
For the data on the previous page,
m  The 25th percentile is the first (lower) quartile, Q,. The 75th percentile is the a GDC gives
third (upper) quartile, Q..
(upper) < mean: 4.28
®  The interquartile range of the dataset is Q, - Q, . standard deviation: 3.09

m A particular piece of data is an outlier if it is ‘too far from the mean’. .
lower quartile: 1

IB SYLLABUS median: 3

In this course we will consider a piece of data to be an outlier if the distance of the data upper quartile: 6
from the nearest quartile is more than one and a half times the interquartile range.

m  If the data is given using frequencies, and the mean is denoted by u, then the

variance of the data is 6> = filo e fy bt 4 O
f1+f2+...+fk .

m  The square-root of the variance, g, is called the standard deviation of the dataset.

This formula is not in the IB Mathematics SL formula booklet. The calculation of
standard deviation is only expected using a GDC. However, calculators may give
two very close values related to standard deviation and it is important to know
which one is needed. The smaller one is the o-value defined here, which is the
standard deviation when the data is treated as the population. In some books this
is denoted by s . The other value is used when the data is treated as a sample from
the population, and we calculate an estimate for the variance of the population.

In some books, and in the option part of the IB Mathematics HL formula booklet,

this is denoted by s _,. This estimate is not required in SL and the core HL.

Ways of presenting data

B Understanding data presented using tables, charts, histograms, stem and leaf
plots, etc is important.

m  For a large dataset, especially if the data is continuous, grouping is customary.
Instead of giving all the specific values of the dataset, we give intervals, [v,, v,],
[v,, v, [, ... and frequencies f, f, ... that give the number of elements of the data
in the corresponding interval. With this we lose information, but the result is

easier to present and still useful for evaluation purposes. For grouped data we use
1 vty vt Yy . .
the mid-interval values x, = TN = Ty (and frequencies) to estimate

the mean, etc of the data (unless a question asks us to use upper or lower interval

boundary values).
B Modal class of a grouped data

[0 If all the class intervals have the same lengths, then the modal class is the
one with the most elements.

100%
[0 (HL) If the class intervals do not all have the same lengths, then the modal
class is the ;)ne with the largest frequency density, i.e. the class with the 75%
largest ———— value. In this case, a frequency density histogram is a more
i+17 Vi
useful presentation of the data than a frequency histogram. 50%

®  The number of elements of a dataset below a specific number are called
cumulative frequencies. (For a grouped data, for example, the cumulative 25%

frequencies corresponding to v,, v;, v,, ... respectively are f,, f, + f,, f, +f,+ £, ...).

®  The cumulative frequency table and graph are useful tools for presenting vy v v
information about a dataset. It is relatively easy to read off the median and min Q, M Qs max
percentiles.

® A box-and-whisker plot is a compact way of presenting information about a |7 4|
dataset. It needs to be scaled.




5.2 Two variable statistics (SL 5.4)

Claims

®  Another formula for the variance (still assuming that the data is given using

frequencies) is: o2 =

fix P+l 4 fix? -’
f1+f2+~~~+fk .

Although GDC:s are usually used to calculate variance, when manual

calculation is required this form is easier to use.

IB SYLLABUS

The 1B Mathematics HL formula booklet presents this formula using the
compact sigma notation.

®m Let u be the mean, ¢’ the variance, m the mode and M the median of a
dataset. If all the data items x are modified linearly using the formula
ax + b, then:

O Oo0OooOo Qg

the mean of the new dataset is au + b

the variance of the new dataset is a’c?

the standard deviation of the new dataset is |a|o
the mode of the new data set is am + b

the median of the new data set isaM + b

the minimum, maximum, lower and upper quartiles and any percentiles
also change according to this linear transformation. If a < 0, then some
caution is needed because the maximum becomes the minimum and the
lower quartile becomes the upper quartile after the linear transformation.
The new box-and-whisker plot is a scaled (by a factor of a) and shifted
(by b) version of the old one.

5.2 Two variable statistics (sL 5.4)

If #, o, m, M, min, max are the
mean, standard deviation, mode,
median, minimum and maximum,
respectively, of a dataset, and all
data values are multiplied by -3 and
5 is added, then:

The new mean is -3y + 5.

The new variance is 9a?.

The new standard deviation is 3o.
The new mode is =3m + 5.

The new median is -3M + 5.

The new minimum is -3max + 5.

The new maximum is =3min + 5.

Sometimes there is more than one characteristic associated with the members of
the population and we would like to investigate possible relationships between
these characteristics. An example is the age and wing length of a particular bird
species. This data will be used to illustrate the key concept.

Wing length (cm) Age (days)
1.5 4
2.2 5
3.1 8
3.2 9
3.2 10
3.9 n
4.1 12
4.7 14
5.2 16

Y|



42 Topic 5 Statistics and probability

Key concepts
m If data has two variables, we talk about bivariate data.

B Sometimes one of the variables influences the other; in this case we talk about
independent variable (x) and dependent variable (y).

m A scatter diagram is a tool to visually display bivariate data in a coordinate
system. The data is represented by points; the two coordinates are the two
variables associated with a member of the population. The scatter diagram for
our data is:

Age (days)
15 4 .
10 3

5_ 'Y L4

1 2 3 4 é Wing length (cm)

m  Usually the independent variable is on the horizontal x-axis and the dependent
variable is on the vertical y-axis. In our case the role of dependent and
independent variable depends on our aim. If we want to use the information
in the table to predict the age of a bird we catch and we can measure the wing
length, we use the wing length as the independent variable and the bird’s age as
the dependent variable. In the case where we know the age and would like to
predict the wing length (without picking the bird out from the nest), we change
the roles.

m Regression

[0 We will only discuss possible linear relationships. A regression line is a _

linear function y = ax + b which is in some sense ‘close’ to the points on _ o
the scatter plot. There are different ways of finding a line of best fit; one Regression analysis is used to
. investigate possible relationships
of the most common is to use the method of least squares. .
between the variables of the data.

[0 The regression line can be used to make predictions. In our example, the The relationship may be described
equation of the best fit line is y = 3.33x — 1.61 (where x represents the using different types of functions.
length of the wing of the bird in cm, and y represents the bird’s age in

days). We can use this line to predict that a bird with a 4 cm wing length
is around 3.33 x 4 — 1.61 = 11.71 days old. This type of prediction is called USING A CALCULATOR
interpolation: the value 4 cm is within the range of data values. GDCs have built-in applications to
draw scatter plots and find and

Age (days) draw regression lines.

15

171, 1
5 —
— 1' é § 4 é Wing length (cm)

Prediction is only valid from the independent variable to the dependent variable.

[0 The other type of prediction would be to try to estimate the age of the bird
when the wing length is 1 cm or 6cm or 10cm, etc. These numbers are
outside of the measurements of our data points: this type of prediction is
called extrapolation.

It should be noted that extrapolation for values well outside the original USING A CALCULATOR
data is probably not very reliable. GDCs have built-in applications
to find the correlation coefficient,
m Correlation 1, and also the coefficient of

determination, r2, which is not

, . . . .
[0 Pearson’s product—-moment correlation coefficient, 7, is a measure of linear needed for this course.

dependence between two variables.
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Formulae and claims

Letx,, x,, ...,x andy,y,, ..., y, be the list of values of two variables associated
with the data. Let x and j be the means of these data sets.

m  If the line of best fit is y = ax + b, then:

[0 it passes through the point (X, y)

(x,+ o +x) Oyt +y)
n

(xl + e 4+ X )2

n

(x,3,+ - +x) =

(x 2+ +x?) -
n n
0 b=y-ax

IB SYLLABUS

When a sketch of the scatter plot and the line of best fit are required, it is important
to indicate the fact that the line of best fit passes through the mean point.

m Pearson’s correlation coefficient:

‘e (x =X)(3=Y) +--- + (x, =%)(y, —7)
Ja =07+ 4, =0 Jiy, -5+ - + (5, -5
or a different formula, giving the same value:

nz X i _2/(:’ Zy,
i=1

i=1 i=1

=
Il

2 2
n 5 n n ) n
= Do | MmN Xy,
i=1 i=1 i=1 i=1

IB SYLLABUS

In exams, you will not be expected to use these formulae. Both the equation of
the line of best fit and the correlation coefficient need to be found using a GDC.
The formulae are included here to enhance understanding.

m The value of r is between -1 and 1.

0 r= 1 implies that the points on the scatter diagram are on a line with 24
positive slope. .

[0 r= -1 again implies a perfect linear relationship between the variables, but 74 .
with negative slope.

[ |r|-values close to 1 suggest strong correlation; the scatter diagram is ‘close’
to a straight line. 1 2 3 4

[ Positive r means positive correlation; a larger x-value tends to correspond to
a larger y-value.

[0 Negative r means negative correlation; a larger x-value tends to correspond
to a smaller y-value.

[0 |r|-values close to O suggest weak correlation; the scatter diagram is quite 2 . . .
spread out, showing no linear pattern. .

1 r =0 means complete lack of linear correlation. 14
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5.3 Elementary probability (sL5.5, 5.6, HL5.2, 5.3, 5.4)

Key concepts

B An experiment is a procedure that can be repeated any number of times.

One repetition of the experiment is called a trial.

m  The set of possible outcomes of an experiment is called the sample space.

If an experiment has more than one possible outcome, then it is called a
random experiment. (A deterministic experiment with only one possible
outcome is not interesting to investigate using probability.)

m  We will mostly investigate sample spaces with finitely many possible outcomes.

We use the notation U for the set of possible outcomes and n(U) for the
number of possible outcomes.

Outcomes of a finite sample space are equally likely if they have the same
chance of occurrence. In several experiments (like tossing a coin or throwing
a dice), it is reasonable to assume that the outcomes are equally likely. This
assumption simplifies the calculation of probabilities.

Certain sets of outcomes of an experiment are called events. In a finite sample
space any subset of the sample space is an event. Events containing only one
outcome are sometimes called elementary events. The number of outcomes in
an event A is denoted by n(A).

A’ denotes the event containing the outcomes of the sample space that are not
in A.

In this case A’ is called the complement of A.

Events A and B are mutually exclusive if ANB = @ (if A and B cannot occur
at the same time).

Key definition (informal)

Let U be a finite sample space and for the moment let us assume that all
outcomes are equally likely. Let A be an event in this sample space.

. e _n(A)

We define the probability of A as P(A)= (0]
Claims
Let us try an experiment with possible outcomes from the finite sample space
U such that these outcomes are equally likely and let A be an event in this
sample space. Let us try this experiment N times. Let K be the number of
times we have the outcome from A. Informally, the law of large numbers states
that the probability P(A) is a ‘good prediction’ of the relative frequency Kof
A happening. N
P(@) =0and P(U) =1
If A and A’ are complementary events, then P(A) + P(A") = 1.
For any two events, P(AUB) = P(A) + P(B) - P(ANB).
For mutually exclusive events (since in this case P(ANB) = 0), the previous

formula becomes: P(AUB) = P(A) + P(B).

IB SYLLABUS
These formulae are in the IB Mathematics formula booklets.

The formal, axiomatic introduction to
probability is beyond the scope of this
course. Instead of formal justifications,
we introduce the concepts informally
and use intuition.

Experimenting with dice, coins

or cards and using technology to
simulate experiments can enhance
understanding.

The equally likely outcomes of
flipping three coins are HHH, HHT,
HTH, HTT, THH, THT, TTH and TTT
(H = head, T = tail).

The event ‘obtaining two heads’
consists of outcomes HHT, HTH
and THH. The elementary event
‘obtaining three heads' consists of
only one outcome, HHH.

Obtaining exactly two heads is more
likely than obtaining three heads.

CROSS REFERENCE

This definition is not enough to
study, for example, infinite sample
spaces or sample spaces where it is
not reasonable to assume that the
outcomes are equally likely. We will
discuss these situations later in the
probability distributions section on
pages 46 to 49.

When a regular dice is rolled and
the obtained number is recorded,
the equally likely outcomes are
the numbers 1, 2, 3, 4, 5 and 6.
The probability of the event

‘obtaining a prime number’ is
S 0.5. If this experiment is carried

out 100 times, then it is likely that we
will get a prime number result
around 100 x 0.5 = 50 times.
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5.3 Elementary probability (SL 5.5, 5.6, HL 5.2, 5.3, 5.4)

Conditional probability and independence

Key definitions

¢ Conditional probability. The probability of event A happening under the
condition that event B has happened (assuming that P(B) = 0) is
P(ANB)
P(A|B) = B
¢ Independence. Two events A and B are called independent if

P(A)P(B) = P(A NB). We will only use this definition with the added
assumption that P(A) =0, 1 and P(B) = 0, 1.

IB SYLLABUS

In the IB Mathematics SL formula booklet, the conditional probability formula
is presented in the form P(A N B) = P(A)P(B|A). This is an equation for the
conditional probability of event B happening under the condition that event
A has happened.

Claims

m If we perform an experiment several times and event B happened M times, and

in K of these M outcomes A also happened, then P(A|B) is a ‘good prediction’
of the relative frequency %

m For independent events, P(A|B) = P(A) and P(B|A) = P(B).

m If A and B are independent events, then A" and B’ are also independent.

B Informally, events are independent if information about one of them does not
change the likelihood of the other happening (or not happening).

m (HL) Bayes’ theorem
00 IfP(A) =0,P(B) =0, 1, then
P(B)P(A|B
P(B|A) - (B)P(AIB)
P(B)P(A|B) + P(B)P(AIB)
0 If B, B,, B, are (pairwise) mutually exclusive events such that

B,UB,UB, = U, P(A), P(B)), P(B,), P(B,) = 0, then fori = 1,2, 3
P(B) P(A|B)
P(B|A)="p(B) P(A[B) + P(B) P(A[B)) + P(B,) P(AB,)

Methods of calculating probabilities

Note

P(A|B) and P(BJA) are different
conditional probabilities.

In the dice rolling experiment, let
A be the event ‘even’ and B be the
event ‘prime’. Then
_ P(even prime) _ 1
P(A|B) = 2 =="FPT7% =
( | ) P(prime) 3

This means that after rolling the dice
several times, it is likely that around
one-third of the prime number
outcomes will be the number 2 (the
only even prime number).

Three white bags each contain one
yellow and one purple marble. A
black bag contains one yellow and
seven purple marbles. A bag is
chosen at random then a marble is
picked from the chosen bag. The
marble turns out to be purple. The
probability that it came from the
black bag is
0.25-0.875 1

0250875 +0.75:05 ~ 19
The tree diagram on the next page
illustrates this experiment.

m  Using counting principles

[0 The number of possible ways to choose k items out of n possible objects
(without replacement):

n n!
Ci= (kj R

[0 Arranging n different objects inarow: n! =n(n - 1) ... 2- 1.

[0 (HL) The number of possible ways to form a sequence of length k
using n different elements (without replacement):
"Po=nn-1)...n-k+ 1)=ﬁ
[0 It is sometimes necessary to consider several cases, and add the number
of possibilities found in the different cases. The key word here is ‘or’. If
something can happen either this or that way but not both, then the total
number of possible outcomes is the sum of the possibilities in the different

cases.

CROSS REFERENCE

See also: Pascal’s triangle and the
binomial theorem (page 3).

There are five cats and four dogs in
a pet shop. We would like to choose
three animals, and have more dogs
than cats. The number of ways this
can be done is:

I

45
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[0 If something can have N outcomes, and whatever happens something else
can have M outcomes, then the total number of possible pairs of outcomes

is NM, the product of N and M.
m  Using visualisation
[0 Venn diagrams
[0 tree diagrams

1 tables of outcomes.

1
2 Yellow
Whlte
l Purple
2
1
8
S Yellow
Black
} Purple
8

5.4 Probability distributions (sL5.7,5.8, 5.9, HL5.5, 5.6, 5.7)

In this section we discuss situations when the possible outcomes are not

necessarily assumed to be equally likely in the sample space. We will talk about

random variables, where a numerical value is assigned to the elements of the

sample space. We will assign probabilities to subsets of the sample space differently
to the classical case discussed earlier. Our approach will be different in the case of

finite and infinite sample spaces.

Discrete random variables

Key definitions

arranged in an infinite sequence.

¢ For a discrete random variable X with possible values x, x,, ..., x , a
e O<p<lforalll1<i<n

D R
i=1

(x,, x,, -=). The only difference is that an infinite sum needs to be

considered: 2 p=p +p,+ =1

i=1

e The probability of an event A is P(A)= 2 b,

x, €A
» The expected value (or mean) of the discrete random variable X is

E() = 2 xp, =0+ b, + o + b,

i=1
(HL) The summation may go up to infinity.

e (HL) The variance of the discrete random variable X is defined by
Var(X) = Z(Xi —E(X))’p,. (The summation may go up to infinity.)

of the variance.

* (HL) The mode of the discrete random variable is the value with the

with equal probability.

PX<m)> % and also P(X > m) > % (The median of a probability

distribution may not be unique.)

¢ A random variable is called discrete if the set of possible values is finite.

e (HL) Actually, it is also called discrete, if the set of possible values can be

sequence of numbers p , p,, ..., p, is called a probability distribution, if:

(HL) The definition is similar even if the set of possible values is infinite,

i=1
The standard deviation of the discrete random variable is the square root

highest probability. There may be more than one mode if there are values

e (HL) m is the median of the discrete random variable X, if m is such that

Revised B

We think of p, as the probability value
corresponding to x, a usual notation
is P(X=x) =p.

The usual summary of the
information about the probability
distribution of a discrete random
variable is a distribution table:

X X | X, | e X,
P(X=x)| p, | p, | .- | b,
(HL) The table may be infinite.

The claims about probabilities
mentioned earlier are still true with
this definition.

For the probability distribution

X | -5 0|5 2
P(X=x,) 04 03 02| &k

the value of k is
1-04-03-02=0.1,
the expected value is
EX)=-2+0+1+2=1,

the mode is -5

and the median is 0.
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5.4 Probability distributions (SL 5.7, 5.8, 5.9, HL 5.5, 5.6, 5.7)

Interpretation
If the random variable X represents the winning of a player in a two-player game,
and the p, values represent the chance of winning the corresponding x, amount,
then E(X), the expected value, is a good prediction of the average winnings of the

player per game in the long run. The interpretation of E(X) = 0 is that the game is

fair; neither player has an advantage.

Detailed investigation of properties of discrete random variables is beyond this
course, although the HL statistics and probability option includes more details.

One can define, for example, sums, linear combinations of random variables along

with other operations, and also the notion of independence of random variables,
etc. We are not discussing any of these points. We concentrate only on one

(and in HL two) of the several important discrete probability distributions, the
binomial distribution (and in HL also the Poisson distribution).

Binomial distribution

Key definition

Let us look at an experiment with two possible outcomes, success and failure.
(These are the so-called Bernoulli trials.) Let p be the probability of a success
in one trial. Let us perform this experiment n times. Let the random variable
X represent the number of successes in these n trials. The probability
distribution of this random variable is called the binomial distribution.

The number of trials, n, and the probability of success, p, are the parameters
of the distribution.

Notation: X ~ B(n, p)

Claims
If X ~ B (n, p), then

m the possible values of the variable are 0, 1, 2, ..., n

® the corresponding probabilities are P(X = k) = (Zj P = pynk
m IfX~B(n,p), then E(X) =np

m IfX~B(n,p), then Var(X) = np(1 - p)

Poisson distribution (HL)

Key definition
A random variable X follows a Poisson distribution with parameter A > 0,
if the probability distribution is given by

k

A
P(X = k)= e‘*Ffor k=01,2...
Notation: X ~Po(A).

Claims
m If X ~Po(A), then E(X) = A.

m If X~ Po(A), then Var(X) = A.
m If the occurrence of an event satisfies the following:
[0 the average rate of occurrence is constant, and
[0 the event occurs independently in disjoint time (or space) intervals,

then the number of events occurring in an interval of fixed length can

be modelled by a random variable that follows a Poisson distribution with
parameter A, where A is the average number of occurrences in the interval
of the given length.

A player has to put in 10 points

to play a game. The probability of
winning 15 points is 0.2 and the
probability of winning W points

is 0.001. In any other case, the
player does not win any points.
The expected winning of the player
is 15-0.2 + W - 0.001. To be a fair
game, this expected winning should
compensate the 10 points entry, so
15-0.2 + W-0.001 = 10. Hence, to be
a fair game, W must be 7000.

From the player’s point of view, the
probability distribution table for this
game (considering the loss of the
entry fee as negative winnings) is:

winning -10 5 | 6990
probability | 0.799 | 0.2 | 0.001

USING A CALCULATOR

GDCs have built-in applications
to find binomial probabilities,
P(X = k), and also cumulative
binomial probabilities, P(X < k).

CROSS REFERENCE

Using the binomial theorem (see
page 3), we can show that the
binomial probabilities add up to 1:

u n
L=(p+(1-pyr= 2 ( )pka—p)"k

o \k

USING A CALCULATOR

GDCs have built-in applications to
find Poisson probabilities,

P(X = k), and also cumulative
Poisson probabilities, P(X < k).

The mode of the Poisson distribution
is close to the mean.

The number of cars passing a
control point in a minute follows a
Poisson distribution with parameter
A = 15. This means that on average
15 cars are passing in a minute.

It is also true that on average

15-60 = 900 cars are passing in an
hour, so if X denotes the number of
cars passing this control point in an
hour, then X ~ Po(900).

47
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Continuous random variables

Probability density function

Key definition
When the sample space X is a finite or infinite interval ]a, b[, we will use an
integrable function f:]a, b[— R with properties:

e f(x) >0 forall x €]a, b[

o [Mfedx=1

to a:sign probabilities to some subsets of the sample space as follows:
Pe<X<d) = [ f(x)dx

Such a function is called the probability density function of the continuous
distribution.

For continuous random variables the probability P(c < X < d) is the same integral,
so P(c < X < d) = P(c < X <d). This is of course not true for discrete random
variables.

Continuous random variables in general (HL)

Key definitions
Let f: ]a, b[— R be a probability density function describing the probability
distribution of the continuous random variable X. Then:
b
e The mean of the continuous random variable is E(X) = J . xf(x)dx

e The variance of the continuous random variable is

Var(X) = [ '(x = E(OY f(x)dx.

Although this integral defines the variance, in practice a rearrangement
(using properties of integration) is more convenient to use:

Var(X) = [ f(x)dx — (B

* The mode of the continuous random variable is the value where the
probability density function has a maximum. There may be more than
one mode of a distribution. We consider only the global maximum(s)
as mode(s).

e The median of the continuous random variable is the number m,

for which

INOLSE

IB SYLLABUS

The formulae for the mean and the variance are in the IB Mathematics HL
formula booklet, but with integration bounds —eo and eo.

Calculation of mode and median of a continuous
random variable (HL)
m We can use a GDC or differentiation to find the mode.

m  For simple probability density functions, the median can be found by
integration and then solving the resulting equation for m. In most cases,
however, it is quicker to use a GDC to get an approximate answer.

In fact the sample space (and hence
the domain of a probability density
function) can be a more general
infinite set. Our definition and claims
can be modified for these cases.

If ]a, b[ is an infinite interval, then we
don't learn how to define the integral
(except in the calculus option of HL).
This second condition means that
the area below the graph of a non-
negative function f and above the
x-axis is 1.

sy
o
o, -
o~ -

]
median mode b

sy

USING A CALCULATOR

The equation solver application of
a GDC can be helpful to find the
median.
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5.4 Probability distributions (SL 5.7, 5.8, 5.9, HL 5.5, 5.6, 5.7)

Normal distribution

Key definition
The graph of the probability density function of a random variable that
follows a normal distribution is a bell-shaped curve like the one in the

following diagram:

o

u
o The graph is a scaled and shifted version of the graph of x — e
» The graph is symmetric about the line x = u (where u is the mean).

» The horizontal distance of the points of inflexion from the axis of
symmetry is the standard deviation, &

e The area of the region below the graph and above the x-axis is 1.

The normal distribution has two parameters, the mean (expected value) y,

and the variance &°. If the random variable X follows a normal distribution

with these parameters, we use the notation X ~N(u, ¢?).

The reason the actual formula for the
probability density function

x —> f(x) is not given here is the fact
that [e=" dx cannot be expressed
using basic functions. This means that
the probability values

Plc <X < d)= [ 'f(x) dx

cannot be found analytically.

USING A CALCULATOR

We need to use technology to find
these probabilities. GDCs have
built-in applications for this task.

A GDC can also find the value of
k, if P(X< k) is given.

Claims

Standardisation: If X~N(xu, %), then for any u and g; the new random variable

Z, defined by Z = X - 1 also follows a normal distribution. Moreover,
g

Z ~N(0, 1?). For any x-value, the corresponding zvalue, z= X" # is called the
o

standardised value of x.

The standardised value (z-value) of u is 0.

If x is such that x —u = g; then the standardised value of x is 1.

Or in general, if x is such that x —u = kg, then the standardised value of x is k.
If X ~ N(, 6%, then for any ¢ < d,

Pe<X<d)=P(c " r<z<dny

The following two diagrams illustrate this claim.

After standardisation:

c—p 0 d—n
c o

The area of the shaded regions on the two diagrams are the same. These areas
represent the probabilities on the left- and right-hand side of the equality.

Standardisation is needed when
both the mean and the standard
deviation are to be found in a
question.

For example, if X~N(u, ¢?),
P(X<3) =02 and P(X>8) = 0.6,
then P (Z< 3%) =0.2,

SO g = -0.84162.

Also, P (Z< Sf:“) =04,

503 —£ = -0.25335.

The solution of this equation system
isu =102, o= 8.50.

USING A CALCULATOR

If either the standard deviation

or the mean is given and the

other is to be determined, then
standardisation can help, but the
answer can also be found using the
equation solver on a GDC.
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Practice questions for Topic 5

To practice these skills, try these past paper questions. Start with the questions
with lower numbers (1-7). In exams, the first questions tend to check your
understanding of one specific concept (although this is not a rule, so don’t assume
this will always be the case). Questions 8—10 on the HL papers are still short
questions, but usually you need an imaginative approach to find a solution. The
long questions (HL 10-14 and SL 8-10) have multiple parts, often checking
understanding of several concepts and connections between these concepts. For
more detailed past paper references, see the charts on pages 97-113.

Date HL Paper 1 HL Paper 2 SL Paper 1 SL Paper 2
2014 November | 4,9 2,3,11,12 3,8 2,8,10
2014 May TZ1 2 2,8b,9 1 59 3,8
2014 May TZ2 1,1 2,6,8 11 3,4,10
2013 November | 2 4,51 3 4,6,10
2013 May TZ1 4,9 1,3,10 9 2,7
2013 May TZ2 3,79 1c 8 2,9
2012 November | 5 4,7, 1 2,8 6,10
2012 May TZ1 2,3,57,12 1,4 7,8
2012 May TZ2 2,5,7,10 1,4,9 4,7
2011 November | 3,5, 10 3,51 3,57 2,9
2011 May TZ1 1,6 1,7,12 4,8 4,5,7

2011 May TZ2 6,12 2,6 6,9

2010 November | 4 3,711 4 1,9
2010 May TZ1 7,10, 12 8,12 5 4,7,10
2010 May TZ2 1,4 2,3,6,12 9 1,3
2009 November | 6 56,13 3,8 3,6
2009 May TZ1 12 1,4 2 4,7,8
2009 May TZ2 2,3 1,51 9 1,9
2008 November | 3,8 3,71 58 3,57
2008 May TZ1 9 4,8 11 10 1,6,8

2008 May TZ2 1,7 1,471 1,6 4,56
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Topic 6 Calculus

Throughout this chapter we consider only functions with a finite or infinite
interval domain (that may have a finite number of points missing). The _
definitions and statements use informal language. More precise treatment would Interested students should think about

require mathematical terminology beyond the level of this course. :[he meaning ,Of e’XpreSSIOHS,S.UCh @
gets close to’ or ‘gets large” in, for

example, the definition of the limit.

6.1 Limit, convergence, continuity (sL 6.1, HL 6.1)

Revised [

Limit of a sequence

Key definition (informal)

The number A is the limit of the sequence a, a,, a, ... if the difference
|A—a | gets close to 0 as the index n gets large.

In this case we say that the sequence a;, a,, a, ... converges to the number A.

We use the notation lima, = A, or a bit less formally a — A.

n—eo

If the sequence does not converge to any number A, then it is divergent.

* The limit of the sequence

, ... is 0, or using the limit notation,

Y

N | —
| —
NG

liml =0.

° For a geometric sequence a, = a,r™! with common ratio |r| < 1, the infinite

. _ _a
sum is the limit of the finite sums: imS, =S. (— 11— T).

So, the sequence 0.1, 0.11, 0.111, ... converges to é

L[]

The sequence 1, 0, 1,0, ... does not have a limit.
Not all sequences are convergent.

The sequence 1, 2, 3, 4, ... does not converge to any finite number; it tends

to infinity: limn = e,

Limit of a function

Key definition (informal)

The number A is the limit of the function f at x = a if the value f(x) gets lim x*=9
close to A as x approaches a. o

We use the notation limf(x) = A, or f(x) > Aasx — a.
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T ['usine A caLcuLaTor

* The definition extends to the cases when a and/or A is positive or negative Graphing functions and finding

infinity. numerical values can enhance the

. lin%lnxz —oo intuition behind limits. For example,
- 2-100 +5

o lim2X+5_2 T = 0.6972789116...
lm 3 =63 ; ’11550— 65
. 1 20O+

o xh_glzm_w 377000 =6 0.6696726787...
N 2-10000+5

o )1(1_1)1308 = 3710000 =6~ 0.6669667267...

CROSS REFERENCE
* Not all functions have a limit at all points: lin%% does not exist (but the See also: the concept of horizontal

and vertical asymptotes on page 11.
graph of the function x — %J’: J_rg has a vertical asymptote at x = 2). ymp Pag
* A function may have a limit at a point even when the function is not
2
defined at that point: 1irr11 ’; __11 =2, but x— % is not defined at x = 1.
o
|
|
2|
y=3 |
|
|
—————————————— b CROSS REFERENCE
] | X
| .
ly=2 The limit of 3100 and the limit of
! 0
|
| yo2x+5 1=¢c0s8 45 g approaches 0 are
I 77 3x-6 o
! used to establish the derivatives
of the sine and cosine functions
; (see page 54).
® (HL) Important result: %irr&% =1 (if 0 is measured in radians) bad

Continuity (HL)

Key definition
A function f is continuous at a point x = a if
* lim f(x) = A exists and

xX—a

. fla) = A.

A function is continuous if it is continuous at every point of its domain.

x'if -1<x<0

* The function defined by f(x) =
x if O<x<1

/.

is continuous on [-1, 1] (including at x = 0).

y
X if-1<x<0 ’
° The function defined by f(x) =
1-xif O<x <1

is not continuous at x = 0 (but is continuous at any
other point).
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6.2 Differential calculus (sL6.1, 6.2, 6.3, HL 6.1, 6.2, 6.3)

Derivative, rules of differentiation

Key definition
The function f: x — f(x) is differentiable at x = a if there is a number A such (a+h, fla+h)
fla+h) - f(a)
h

of fat x = a. It is also the gradient of the tangent line to the graph of the
function at (a, f(a)). The function that assigns the derivative (if it exists) of
the function to x for every x in the domain is called the gradient function
(or derivative) of f.

that 1}11[% = A. This limit A is the derivative (or gradient)

(a, fla)

X

® Notation d /
m There are different notations used to denote the derivative of the function

f: x— f(x). Two of these are:

[0 f'denotes the derivative function and f'(a) the gradient at x = a. USING A CALCULATOR

O % denotes the derivative function and %(a) the gradient at x = a. GDCs can graph a derivative

X X function without the need for any

® Higher order derivatives algebraic manipulation.

B The gradient function of the gradient function of { is the second derivative. _

. g o d?
Usual notations are f" or d—{ The derivative can also be interpreted
X a'f as the rate of change of the values of
®  Similarly, notations for higher order derivatives are f™ or = the function .
X

H (HL) Relationship between dlfferentlablllty and CROSS REFERENCE

continuity Higher order derivatives are used
m If a function is differentiable at x = a, then it is defined there and it is also in finding Taylor series. This topi.c is

continuous there. discussed in the HL Calculus option.

m  The converse is not true. A function can be continuous but not differentiable
at a point. For example x —|x| is defined and continuous at x = 0, but it is not
differentiable there. There is no well-defined tangent line to the graph at (0, 0).

® Equation of tangent and normal lines
If f is differentiable at x = a, then:

m the equation of the tangent line to the graph of y = f(x) at the point

(@, fla)) is y = f(a)(x — a) + fla) y
m if f'(a) # O, the equation of the normal line to the graph of y = f(x) at the point
S B
(a, fla) is y = @ (x —a)+ f(a).
(a, f(a))
B Rules of differentiation (expressed using both -
. 7]
notations) \
m ForF=kftlg (ke R)
_ypaqe o dF _ o df o dg
O F=kflgor go=kq-+lqe USING A CALCULATOR

GDCs can also work out and draw
the tangent line.
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® Product rule. For F = fg,
CROSS REFERENCE
0 F'=fg+fg or j—F = j—fg + fg—g (HL) To use the definition to find the
oo X derivative of higher order polynomial
® Quotient rule. For F = f functions, the use of the binomial
g af dg theorem may be helpful (see page 3).
" ’ 7g - fi
DF’:fngg Orj_F:dx dx
g X g

®m Chain rule. For F = f o u, . .
For more complicated functions

O F'=(fouwu or dF _ df du finding derivatives from first principles
dx  dudx is more challenging. Instead, we use
the rules of differentiation to help.

IB SYLLABUS

For simple polynomial functions, you should be able to find the derivative
using the definition.

The following table contains the derivatives of some basic functions and An important special case of the
the instances of the chain rule related to those functions. chain rule is where the inner function
is linear, u(x) = ax + b, in which case

dF g du
== = ~—(x) = a) for all x.
f | fx F(x) = f(u(x)) | F'(x) dx ™ () = alor g () = a) forall x
X" nx™! u'(x) nu™()u’ (x) o du
e Note |
dx
Inx 1 In(u(x)) () 1 du It is important to realise the difference
X ) ME(X) between the derivative of x> sin® x
(which is of the form x — ? (x),
ot o o) e @y (x) g derivative x > 2sinxcosx) and
e d—’;(X) x +> sinx? (which is of the form
x — sin u(x), derivative x — 2xcosx?).
sinx cosx sinu(x) u'(x)cosu(x) du
cos u(x)==(x)
dx
CcOsX —sinx cosu(x) —1/(x)sinu(x) du
—sin u(x)==(x)
dx
tan x 1 tanu(x) w/(x) L dugy
cos’ x cos’ u(x) cos® u(x) dx

IB SYLLABUS

The IB Mathematics formula booklet contains the formulae in the first columns,
but not the instances of the chain rule.

® (HL) Applications of the chain rule A circle with its centre at the origin

( ) PP has radius 5. Find the gradient of

®  Implicit differentiation. Some curves on the plane (for example, a circle) are the tangent to the circle at the point
not graphs of functions. These curves still may have tangent lines at some 3, 4).

points. We may wish to find the gradient of these tangent lines. One way of This circle is the set of points (x, 3)
doing this is using implicit differentiation. setorp o

on the plane satisfying the equation
[0 First find an implicit description of the curve (most of the time this Xt 4yt =15,

description is given).
R e S eyy=dos)
[0 In some neighbourhood of the given point, the curve may be considered x X

locally as the graph of a function x — y(x).
Y erap ’ 2x+ Zy% =0

d
Hence we are looking for the value of the gradient function d_y at the
given point. x Substi(;[uting x =3,y =4, gives
Y _
[0 Then differentiate both sides of the defining equation with respect to x 6+ =0

(thinking of y as a function of x, using a not too precise notation). _ _ _
so the gradient we are looking for is

dy_ 3.

dx = 4
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[0 Substitute the coordinates of the given point. ml

[0 The solution of the resulting equation for g—z will give the gradient of the Find the rate of change of the radius

tangent to the curve. of a balloon, when the radius is
5cm, and the volume is changing at
a rate of 12cm’.

m Related rates: In some word problems we have some information about the
rate of change (in time) of one quantity and we are interested in finding
the rate of change of a related quantity at a specified moment. A possible way V=4,

of solving this type of problem is: 3

[1 Set up an equation that expresses the relationship between the varying AV _ g2 dr
quantities. de de

[0 Differentiate (implicitly) both sides of this equation with respect to time 12 = 4715 %
(using the chain rule). t

[0 Substitute the given numerical values for the quantities into the resulting dr _ 00382 cmss

de

equation.

[0 Solve the resulting equation for the rate of change asked for in the problem.

® (HL) Some more derivatives

It is important to keep in mind the derivatives of the following functions:

X > SeCX, X —> CSCX, X —> COtX, X —> a*, X —> 1oga X, X — arcsinx, x — arccos x and
X —> arctanx.

The derivatives of these functions are in the IB Mathematics HL formula booklet.

_ vy 1
For f(x) = arctanx, f'(x) = o
For f(x) = arctan (ﬁ), f(x) = # .

IB SYLLABUS
See also: standard integrals in the IB Mathematics formula booklet.

Graphical behaviour of graphs of functions

B Increasing and decreasing behaviour

Key definitions

A function f is increasing at a point x = a if, in some neighbourhood of a,
x < a implies f(x) < f(a) and x > a implies f(x) > f(a).

A function f is decreasing at a point x = a if, in some neighbourhood of a,

x < a implies f(x) > f(a) and x > a implies f(x) < f(a).

¢ A function f is increasing on an interval |c, d[ if, for every ¢ < x, < x, < d,
flx) <f (x,).

* A function f is decreasing on an interval ]c, d[ if, for every ¢ < x, < x, <d,

fx)>flx,) The interval can be closed, [c, d] or
X X,)- even infinite: the definitions and
claims are similar.

55
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Claims
If f'(x) > O for all x €]c, d, then f is increasing on ]c, d[.

If f'(x) < O for all x €]c, d, then f is decreasing on |c, d[.
If f is increasing on ]c, d[ and differentiable at a €]c, d, then {'(a) > 0.

If f is decreasing on ]c, d[ and differentiable at a €]c, d, then f'(a) < 0.

B Stationary and extremum points

Key definitions
¢ The point (a, f(a)) is a stationary point of the graph of f if f'(a) = 0.

» The point (a, f(a)) is a local minimum point of the graph of f if, in some
» The point (a, f(a)) is a local maximum point of the graph of f if, in some

» There are also examples (such as f(x) = x* at (0, 0)) when f'(a) = 0, but the

neighbourhood of a, for any x # a, f(x) > f(a).
neighbourhood of a, for any x # a, f(x) < f(a).

stationary point (a, f(a)) is neither a local maximum, nor a local minimum
point. For the functions we meet, such a point is a horizontal point of
inflexion. (The definition of points of inflexion comes a bit later in this
section.) It should be noted, however, that there are other possibilities;
there are twice differentiable functions, where a stationary point is
neither a local maximum point, nor a local minimum point nor a point of
inflexion.

IB SYLLABUS

For the functions we will meet, a stationary point is either a local maximum
point or a local minimum point or a horizontal point of inflexion.

H Claims

If (a, f(a)) is a local minimum or maximum point of the graph of y = f(x), and
{ is differentiable at x = a, then f'(a) = 0.

If f'(@) = 0 and, in some neighbourhood of a, f'(x) < O for x < a and f'(x) > O for
x > a, then (g, f(a)) is a local minimum point of the graph of y = f(x).

If f'(@) = 0 and, in some neighbourhood of a, f'(x) > 0, for x < a and f'(x) < O for
x > a, then (g, f(a)) is a local maximum point of the graph of y = f(x).

For a variety of functions, stationary points can be found and categorised
algebraically. A useful tool is a sign diagram for the derivative of the function.

For f(x) = x* — 3x? = 9x + 31, the sign diagram for f’ (x) is:

x -1 3

f(x) | pos 0 |neg | O |pos

B Graph sketching

H Steps to follow

Differentiate the function.

Find the solutions of f'(x) = 0 and find the values where f'(x) is not defined.
We will only meet functions where there are a finite number of such critical
points within the domain, and the derivative function does not change sign
on the intervals between neighbouring points.

Draw a sign diagram for ', indicating the critical points and the sign of f'(x)
between neighbouring critical points.

These claims describe the connection
between the local property (gradient)
and the global property (increasing/

decreasing behaviour on an interval).

Note that the derivative of an
increasing function is certainly not
negative, but it may be 0 at some
points. We will only meet functions
where there are a finite number of
such points, for example x — x°.

USING A CALCULATOR

GDCs have built-in applications
to find maximum and minimum
points.

The previous claims give us a basis
to use differentiation as a tool for
sketching graphs of functions. The
steps described here result in a quite
accurate sketch of the graph of
function f.
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® Interpret the sign diagram to find extremum points and intervals where the
graph is increasing and decreasing.

®m Find the local minimum/maximum values and plot the local extremum points.
m Plot the x and y-intercepts and values at the endpoints of the domain.

m Find the asymptotes (if any) and sketch the graph.

For f(x) = x* = 3x* — 9x + 31 on [-3, 5], y
X -1 3 3
20
f(x) | pos 0 neg | O |pos 10
f inc | 36 | dec 4 linc
T T T T T T T T %
-3 -2 -1 1 2 3 4 5

® Concavity and points of inflexion

Key definitions

¢ The graph of a (twice differentiable) function f is concave up on an

interval ], d[ if, for all x €]c, d[, f"(x) > 0.

e The graph of a (twice differentiable) function f is concave down on an
interval |c, d[ if, for all x €]c, d[, {"(x) < O.

¢ A point (g, f(a)) is a point of inflexion on the graph of the (twice
differentiable) function f, if

® {"(a) =0and

* the concavity changes at (a, f(a)). (In other words, there are intervals
Ic, al and ]a, d[, such that either the graph is concave up on ]c, af and
concave down on ]a, d[, or the graph is concave down on ]c, af and
concave up on Ja, df).

IB SYLLABUS

Our definition is restricted to graphs of functions with special properties.
Concavity is a much more general geometric concept (defined without using the
concept of differentiability), but it is beyond the scope of this course.

IB SYLLABUS

In some sources, the condition f"(a) = 0 is not always included in the definition,
but in this course it needs to be checked when we look for points of inflexion. y

Claims

m If the graph of the function is concave up on an interval ]c, d[, then the graph
is above any of its tangent lines drawn at (a, f(a)) with a €]c, d[, and the graph
is below any line segment connecting points (a,, f(a,)) and (a,, f(a,)) with
a,a, €lc, dl.

m  If the graph of the function is concave down on an interval ]c, d[, then the Y
graph is below any of its tangent lines drawn at (a, f(a)) with a €]c, d[, and the
graph is above any line segment connecting points (a,, f(a,)) and (a,, f(a,)) with
a,a, €lc,dl.

m If (q, f(a)) is a point of inflexion, then of course f"(a) = O, but f'(a) can be
anything. The tangent line to the graph at a point of inflexion can have any
gradient.
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® Graph sketching (revisited)

After finding f, also find f".

Identify values where f"(x) is not defined. Solve f"(x) = 0 and find the points
of inflexion. We will only deal with functions where there are a finite number
of such values, and the sign of the second derivative does not change between
neighbouring values.

Identify the intervals where the graph of the function is concave up or down.

As well as the extremum points and x- and y- intercepts, plot the points of
inflexion and use the table to sketch the graph. The table shows the shape of
the graph on intervals where neither f' nor f” change sign.

m Claims about extremum points (revisited)

If (a, f(a)) is a point on the graph of y = f(x) such that f'(a) = 0 and f"(a) > 0,

then (a, f(a)) is a local minimum point.

If (a, f(a)) is a point on the graph of y = f(x) such that f'(a) = 0 and f"(a) < 0,
then (a, f(a)) is a local maximum point.

Summary of the relationship between graphs of f, '
and "

This table summarises the connection between the graphs of f, f and " over
an interval where none of the functions change sign.

graph of y = f(x)

graph of y = f'(x)

graph of y = f"(x)

increasing above the x-axis
decreasing below the x-axis
concave up increasing above the x-axis
concave down decreasing below the x-axis
concave up increasing
concave down decreasing

Special points on the graphs of f, f' and f" have the following relationships:

[0 Maximum/minimum points of the graph of y = f(x) correspond to
x-intercepts of the graph of y = f'(x), where f(x) changes sign.

[ Points of inflexion of the graph of y = f(x) correspond to x-intercepts of the

graph of y = "'(x), where f"(x) changes sign.

[0 Maximum/minimum points of the graph of y = f'(x) correspond to points
of inflexion of the graph of y = f(x).

Tips for solving optimisation problems

Besides checking the first derivative,
we can also look at the sign of

the second derivative. Including
these steps in the graph sketching
procedure discussed earlier will result
in an even more accurate sketch.

f(x) <0

f'(x) >0
f(x) > 0 /
/

S\

The second derivative test is
inconclusive if f'(x) = 0 and "(x) = 0.

y

f "
\(L><fl><
x

Note

These statements are true for ‘nice’
looking functions, where f, " and

f" are defined on the same interval
and there are only a finite number of
sign changes of " and f”. In a more
general case they need to be treated
with caution.

Set up an expression in one variable expressing the dependent variable to be

optimised.

Find meaningful bounds for the independent variable.

Find local extrema of the expression within the interval of meaningful values.

The answer for the optimisation problem is either one of the local extrema
or the value of the expression at one of the endpoints of the interval of

meaningful values.

IB SYLLABUS

Optimisation can come up in different contexts; for example, area, volume,
distance, time, profit optimisation.

To find the rectangle with maximum
possible area if the perimeter is

fixed at P = 20cm, we start with the
formulae P = 2a + 2b and A = ab, hence

A =a@,where0<a< 10.

The global maximum point on the
graph of A on]0, 10[ is (5, 25), the
optimal rectangle isa 5cm x 5cm
square and the maximum possible
area is 25cm?.
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6.3 Integral calculus (sL6.4, 6.5, HL 6.4, 6.5, 6.7)

Indefinite integrals

Key definition

The family of functions, F, with the property that F' = f (or Cdl—i =f) is called
the antiderivative (or indefinite integral) of f.

The notation for the antiderivative is If(x) dx.

® Claims

If f is defined on an interval, and F, and F, both have the property that
F' =F,' = {, then there is a constant ¢ such that F, (x) = F, (x) + ¢ for all x in the
domain of f.

® Notation

If f is defined on an interval, and F' = f, then we can write I flx)dx=F +¢

B Methods of integration
B [k + lg() dx = K f() dx + [ (9 dxk, L e R

B The following table contains some basic integrals and important generalisation
of these. In the first line n # —1 and for the formulae in the right column a = 0.

Xn+1
Jx"dxz +c
n+1

)n+1

[(ax+by dx = L@,
a n+l

C

Isinxdx = —cosx + ¢ _[sin(ax+ b)dx = —%cos(ax+ b)+c

Icosxdx=sinx+c Icos(ax+b)dx:%sin(ax+b)+c

ax+b _ 1 ax+b
jexdx=ex+c J‘e dx—ge +c

1, _ 1 _1
j;dx—lnx+c _[ax+bdx—aln(ax+b)+c

IB SYLLABUS

The integrals in the first column are in the IB Mathematics SL and HL formula
booklets (along with some others for HL).

m  We need to be careful with the integral of the reciprocal function,
1 o . )
x> 5 . Since it is not defined at x = 0, we need to look at the cases x > 0 and
x < O separately. The formula in the table is valid for x > 0 (Inx is not even

defined otherwise). At Standard level we don’t need the x < O case.

(HL) For x < 0, _[ % dx = In (=x) + ¢. The usual way of expressing this case,

and the previous one in one formula, is _[ 5 dx=1In | x| + c. It should be
noted, however, that this way of expressing the integral is just a compact way
of dealing with the two cases.

CROSS REFERENCE

For the reason behind this fact, see
also Rolle’s theorem in the Calculus
option. (HL)

There are some rules for integration
but, unlike differentiation, we mostly
use methods rather than rules to find
antiderivatives.

It is helpful to remember the
connection of the integrals in the
second column to the corresponding
simpler integral.

[sin(x =5 dx = ~Leos3r-5)+ ¢

J'e274x dx = —%ez"” +c

59
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. . e 1
We will not really use it, but the most general antiderivative of x — & on the
if x>0

In(=x)+c, if

|
largest possible domain, R \{0}, is x — nxra o
x <

m (HL) The table shows some integrals related to inverse trigonometric
functions. (In the right-hand column, a = 0.)

3_
2_
\ 1] y=ln/lxl

j%dxzarctanx+c J Zl 2(1Jc=larctalr1£+c
1+ x a” +x a a

N
dx = arcsin = + ¢

_[ 1 dx = arcsin x+c J S
NET'S - at —x*

IB SYLLABUS

The integrals in the right-hand column are in the IB Mathematics HL formula
booklet.

m IfF' = then [fu())u'(x)dx = F o u + c. In simpler cases, these types of
integrals can be solved by mspectlon. For more complicated expressions we
can use the substitution u = u(x) .

[0 For example:

- I3xz(x3 +1Ydx = w%l)é + wx)=x>+1)

1 1.
20 = L S T
Ixcosx dx = 5 ijcosx dx = Ssinx’ + ¢

(HL) Itanxdx = J.Siﬂdx = —Jﬁdx = —In Icos xI+ ¢

COs X COS X

- j 1; ((;:)) dx = Inu(x) + c on intervals, where u(x) >0

— (HL) or more generally, j % d

where u(x) =0

x = In lu(x)|+ c on intervals

1
— (HL —d =|—— dx _1 2x+1
( )J4 Ti4x+10 j9+(2x+1)2 * = garcan ==t
To find J' 6x+3 dx, let us use the substitution u = x? + x.

(x* +x)’°

j—z =2x+1, so we can replace (2x + 1)dx by du and x*+ 1 by u in the integral to

e -3
+ ¢ . So the antiderivative is 2 +2)7 +c.

get [ 3 dqu= %u‘z
= du = -

[0 Note the difference between the methods needed to find the following
integrals. (Some of these can only be found using HL methods.)

J-xzildx,'[x"‘ldx '[xzx-zl-ldxijjc'ld J.le—i-ldx,‘[x‘li'ldx

v(x) dx = u(x)v(x) —fu(x) v’

1 Typical examples when integration by parts helps to find the integral are:

® (HL) Integration by parts: [u'(x)

[xcosxdx, [xetdx, [x"Inxdx, [Inxdx, [arctanxdx.
[0 Typical cases when repeated application of integration by parts helps are:

— applying integration by parts twice to evaluate [e*cosxdx, which results
in an equation to solve for the original integral:
[ercosxdx = esinx + e*cosx — [e*cosx dx

—
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— applying integration by parts once to | x"e* dx, which reduces the
integral to [x*e* dx. Repeated application eventually reduces the
integral to [e*dx.

[0 The following integrals need differing methods, two of which can be asked
for Standard level exams:

[xex' dx, [xe*dx, [x?e*dx, [exdx.

m Antidifferentiation with a boundary condition

A typical question is to find f if F = f' and f(a) (for some a) is given. For the
solution, first find the antiderivative IF(x) dx. Then use the boundary condition
(the value of the function at a) to find the value of the integration constant, c.

Definite integrals

A similar looking integral, fe“zdx is,
however, a typical example where the
antiderivative cannot be expressed
using methods and functions we have
learnt.

CROSS REFERENCE

See also: kinematic applications on
page 63.

In this section we only consider functions which are not too complicated. Our
definitions and claims are valid if the function has a finite number of points where
it is not continuous, and it has a finite number of x-intercepts. Dealing with more
complicated functions is beyond the scope of this course.

Key definitions

e If f(x) > 0 for all x € [a, b], then the definite integral of y = f(x) on the
interval [a, b] is the area between the graph of the function and the x-axis
above the interval [a, b].

The usual notation is _fi f(x) dx
a is called the lower limit and b the upper limit of the integral.

¢ If the function has negative values, then the definite integral is defined as
the difference: (area above the x-axis) — (area below the x-axis)

["f)dx=A - A
 For a = b we define IZf(x) dx to be O.
For b < a we define Iif(x) dx to be - IZf(x) dx.

a b X

A\

m Claims

L fzf(x) dx = —_[Zf(x) dxforalla,be R.

w [ dx+ [ dx = [*f) dxforall a, b, c € R.

w [Tkfe) £ g dx = K[ f) dx = 1 g0 dx for all k, Le R.

B Iff(x) > g(x) for all x € [a, b], then the area between the graphs of the functions

x — f(x) and x — g(x) and the vertical lines x = a and x = b is:

b
Jo(0) - g dx.
B The area between the graphs of two functions (even if the graphs intersect)

on the interval [a, ] is given by IZ |f(x) = g(x)| dx. This is a useful formula for
finding areas between graphs using technology.

For manual area calculations between intersecting graphs, we need to break up
the integral at the intersection points.

VA=

The equality of the second claim is
usually used for a < b < ¢, but this
condition is not necessary.

\
| —
b X
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® (HL) For an increasing or decreasing function x — f(x), we can also find the
area bounded by the graph of the function, the y-axis and two horizontal lines,
y=candy=d (c<d).
Let g: y — f7!(y) be the inverse function.

0 Ifa, b>0, then the above mentioned area is

[latydy=['f1(dy

d
[1 In general, even if the graph crosses the y-axis, the area is IC lg(y)]| dy.

[0 For increasing x — f(x), if 0 < a < b are such that 0 < ¢ = f(a) < d = f(b), the
diagram (on the right) illustrates the following interesting relationship:
[i0dx + 171 (5) dy = bfb) - affa)

This gives an alternate way of finding the area of the region between the graph
of f and the y-axis (without finding and integrating the inverse function).

[0 The formula above is actually true without any restriction on a, b, f(a) and

{(b), and also for decreasing x — f(x), but we don’t need it in this general
form.

B Fundamental theorem of calculus
For a continuous function f defined on the interval [a, b, for any x, € [a, b,

the area function defined by A_(x) = Ii f(t) dt is differentiable at every ]a, b|,
and Axo'(x) = f(x). ’ ’

B Consequences of the fundamental theorem of calculus
m [fodx= A +e

m Iffis continuous on [a, b] and F'(x) = f(x) for every la, b], then
Iabf(x) dx = F(b) - F(a). Or using a customary notation:

[ Pf(x) dx = [[f(x) dx]” = [F)" = F(b) - F(a).

® Volume of revolution

m Let [a, b] be part of the domain of the function f such that f(x) > 0 for all x € [a, b].
Let us consider the region below the graph of the function and above [a, b]. Let us
rotate this region about the x-axis by 360°. The volume of the solid generated is:

Volume = [ 7(f(x)dx

® (HL) For an increasing or decreasing function x — f(x), we can also rotate the
region bounded by the graph of the function, the y-axis and two horizontal
lines, y = c and y = d (c < d) about the y-axis by 360°.

If x — f(x) is decreasing, let a < b such that f(a) = d and f(b) = c.

Letg:y— f "(y) be the inverse function.

The volume of the solid generated is:

Volume = J.irt(g(y))z dy = J.!;:::Tt(ffl (y))*dy

For an increasing function the formula is similar.

y
d
c
/ a b x
y
£ib)
f)
a b X

To use the fundamental theorem,

we need to find an antiderivative.
Sometimes it is not possible to express
this antiderivative as a combination

of basic functions. Typical examples
are [sinxdx or [e=dx . To find

areas under these curves we use
technology.

USING A CALCULATOR

GDCs have built-in applications

to find definite integrals. Even if
the antiderivative can be found,

in a lot of cases it is quicker to use
a calculator to find approximate
values of definite integrals.
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6.4 Kinematics (SL 6.6, HL 6.6)

6.4 Kinematics (L 6.6, HL 6.6)

In this section we consider an object moving along a straight line.

® Notation

m  The position of the object is given by the function t — s(t), where t represents
time. The position is given using an appropriate scale and a fixed number line
on the straight line path of the movement. The starting position (also referred
to as the initial position) is s(0), the position corresponding to t = 0.

m The displacement of the object is the position relative to the starting position.
Positive and negative displacement values represent displacement in opposite
directions.

B The velocity of the object is given by the function ¢ — v(t). Velocity is signed:
positive velocity means movement in the positive direction; negative velocity
means movement in the negative direction. At times, when the movement is
changing direction (the object is turning back), the velocity is 0.

m The speed is the magnitude (absolute value) of the velocity. It is always
positive or 0.

m  Acceleration is given by the function t — a(t). Acceleration is also signed.
When the velocity of the object is positive, positive acceleration means
speeding up, negative acceleration means slowing down. When the velocity
is negative, positive acceleration means slowing down, negative acceleration
means speeding up.

IB SYLLABUS

Sometimes the word displacement is used to describe the position of the object,
even if the starting position is not at the origin of the number line.

B Relationship between position (displacement), velocity

and acceleration

m  Velocity is the rate of change of the position (displacement): v = % .

o . dv _ d’s
B Acceleration is the rate of change of the velocity: a = T
® The diagram illustrates the relationship between position, velocity and
acceleration. differentiation
N 7\
N v a
\_/ \_/
integration

B Important claim
The total distance travelled during the motion between times t, and ¢, is given by
the formula | “[o(0)] dt.

®  Note that the total distance travelled is not the same as |s(t,) = s(t,)|, the
distance between the positions at the beginning and the end of the motion.
For example, if an object is moving away from the starting point for some
time, but returning to that point later, then |s(t, ) = s(t )= 0, but the total
distance travelled is clearly not O.

Sometimes the position function is
given, but in other cases the motion
is described in other ways and we
have to specify the scale and number
line we are going to use to model the
motion.

Often the starting position is assigned
to the origin of the number line used
to describe the motion, but this is not
a strict rule. For example, if we talk
about a falling object, we may use
ground level as the zero position.

CROSS REFERENCE

Differentiation with respect to time
(especially in physics texts) is often
denoted by a dot over the letter:
v=§a=0=5

This formula is in the IB Mathematics
SL formula booklet, but not in the

IB Mathematics HL formula booklet.
It is useful to find the total distance
travelled using a GDC.

The modulus sign is important: the
similar integral without the modulus
sign calculates the distance between
the starting and end positions.
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64 Topic 6 Calculus

Practice questions for Topic 6

To practice these skills, try these past paper questions. Start with the questions
with lower numbers (1-7). In exams, the first questions tend to check your
understanding of one specific concept (although this is not a rule, so don’t assume
this will always be the case). Questions 8—10 on the HL papers are still short
questions, but usually you need an imaginative approach to find a solution. The
long questions (HL 10-14 and SL 8-10) have multiple parts, often checking
understanding of several concepts and connections between these concepts. For

more detailed past paper references, see the charts on pages 97-113.

Date HL Paper 1 HL Paper 2 SL Paper 1 SL Paper 2
2014 November 5,6, 7, 11cde 4,8,10,13 6,9 4,7

2014 May TZ1 56,89 1 5, 6b, 10 3,6,7 56,7

2014 May TZ2 8a, 10, 13, 14c 3,9,10,12,14 |5,6,10 9

2013 November 510 10, 12,13 4,6,10 2,3,57

2013 May TZ1 5, 7,10, 12ef 4,12, 13 3,6,10 59

2013 May TZ2 1,5,8 4,10, 13 6,7,9 10 10
. ¢ @ ||

2012 November 4,8 6,89 3,4,10 3,7,9de

2012 May TZ1 2b, 6,9, 12 8,10, 1 3,6,10 4

2012 May TZ2 7b, 8, 10c, 13a 6bc 3bc, 8¢, 10 2,59

2011 November 4¢,7,8bc, 11,132 | 1,9 4,9cd, 10 7b, 10
2011 May TZ1 7,9, 12 2,8 5,10 6, 8cd, 9
2011 May TZ2 1,13 3,7,9,10,13Ba | 4,8, 9d 7

2010 November 12a, 13 4,10,13 2,6,9d,10 2,78

2010 May TZ1 89 1 10, 13¢, 14 6,8a,9 3,6,9

2010 May TZ2 7,8,9, 14b 10, 111, 14c 5738 6,7,10
. +r 1 [ |

2009 November 7,9,10,12 8,10 5.9, 10 2,5

2009 May TZ1 7,9, 11, 13Babc 3,6,12 3,4,7,10 10

2009 May TZ2 4,5, 11e, 12fg 3,6,9,10 6,8 6, 8, 10def
.+ [ |

2008 November 56,79 8,912 6,9 9

2008 May TZ1 5, 6,10, 12abcd, | 6,9, 13 5,6,8 5,10

13a
2008 May TZ2 5,6,8,13 3,6,13a 7,9, 10de 3¢, 9
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Practice questions

Now have a go at these practice questions. The questions require imaginative
application of the concepts you have revised in this book. Read the question
first. Try to understand what the question is asking. If you can see a way to work
out an answer, go ahead. If not, take a look at the Hints section, which starts on
page 75. These may give you a good starting point. If you answered the question,
compare your answer to the one in the Answer section that starts on page 119.
If you didn’t get the answer right, take a look at the Detailed solutions that start
on page 126 to see where you went wrong. Even if you got the answer right, you
might find this section useful to discover other ways of finding the solution.
1 Consider the following sequences:
u =landu,,, =u +n+lforn=12,3 ...
n
o= 0, =P+2% 0, = +2°+3 v, = D K
P
Write down u,, u,, u,, u Y and u,.

There are parameters, a and b, such that u_can be written as an® +bn for
all positive integer, n. Find the value of a and b.

Hence or otherwise find u,,.
d  Write down v, v, v,, v, and v,.

e Suggest an expression for v_in terms of n and use your expression to
find v .

f (HL) Use mathematical induction (or any other method) to prove your
conjecture for part e.

2 Consider the function defined by f(x) =sin2x.
a Findf, {7 f” and %, the first four derivatives of f.
b Find ', {9, f19 and {7,
(HL) Suggest an expression for f™ (x).

d (HL) Use mathematical induction (or any other method) to prove your
conjecture for part C.

3 (HL) Let @ #1 be a complex solution of the equation z” =1 and let us
consider the equation system
x+y+zy = A

x+oy+w’y = B
x+o'y+wz = C
a Show that I+ @+’ =0.

b Express A+Bw+ Cw’ in terms of x, y and z (and w).

¢ Solve the equation system, i.e. express x, y, and z in terms of A, B and C

(and w).
d The equation system
x+y+z=1

x+wy+w'z=1
x+w'y+ax =b

has infinitely many solutions. Find the value of a and b in the form p+q®,
where p and q are real numbers.

Look for connections between the
parts of the questions. Sometimes
you need to search for methods
rather than mechanically applying
formulae.

SL 1.
HL1.1, 1.4

SL1.1,3.2,6.2
HL1.1,14,3.2,6.2

HL 15,1719




66 Practice questions

4 (HL)Letz, k=1, ...,5 be the five (may be complex) solutions of the equation
-1 HL1.1,15,17 2.6

5
a Find the value of 2 U

k=1 A,
b For a complex number w, show that |w |2= ww'. As
5
Find the value of z| -z [ A,
d AAAAA isa ﬁ;gular pentagon inscribed in a circle of radius 1. A
Let a, a, a, and a, denote the length of the line segments A A, A A, As

A A, and A A, respectively.

Find the value of a,” +a," +a,” +a;’.

5 The real numbers, a, b, c and A, B, C, are such that
a+b+c =A SL2.2,2.4
4a+2b+c =B HL 1.9, 2.2,25

16a+4b+c=C
a Express:
i 3a+band 6a+bintermsof A, B and C
ii aintermsof A, Band C
iii bandcin termsof A, B and C.

b A parabola with equation y = ax” +bx + ¢ passes through the points (1, —2),
(2,-1) and (4, 13). Find the values of a, b and c.

¢ There is no parabola through the points (1, =2), (2, -1) and (4, ¢).
Find the value of t.

6 The real numbers, a, b, cand A, B, C, are such that
a+b+c=A
4a+2b+c=B HL11, 19

SL1A1

9a+3b+c = C
a Express:

i 3a+band5a+bintermsof A, B and C
ii aintermsof A, B and C
iii band cin terms of A, B and C.
b Asequence {u } starts as 4, 3, 6, 13, 24, ...
i Show that this is not an arithmetic sequence.
ii Show that this is not a geometric sequence.

¢ The general term of the sequence in part b can be expressed in the form
u, =an’ +bn+c.

i Express u, u, and u, in terms of a, b and c.
ii Find the values of a, b and c.

iii- Check your result of the previous part for u, and u, and work out the
value of u ;.

7 The function g is defined by g(x)=ax’ +bx’ +cx+d.

Find g” (x).

SL2.2,6.2,6.3
HL2.2,25,6.2,6.3

b Express g(0), g(1), g(0) and g7(1) in terms of a, b, ¢ and d.

¢ The graph of the function g has a local minimum at (0, 0) and a local
maximum at (1, 1). Find the value of a, b, c and d .
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Practice questions 67

8 (HL) The function f is defined by
HL2.2,625,6.1,6.2
0 x<0
f(x)=9 h(x) O<x<l
1 x>1
for some function h:(0, 1) - R.
Find a linear function, h, that makes f continuous.
b Show that there is no quadratic function, h, that makes f differentiable
everywhere.
Suggest an h for which f is differentiable.
d  Using first principles, show that your choice of h is correct.
9 (HL) Consider the points P(3, 1, 2), A(7, 2, 9), B(4, 4, 1) and C(5, 0, 1).
(HL) Consider the points L J (74 ), B4, 4, 1) and C( ) HL41 4.2 46
a Show that the vectors, PA , PB and PC are perpendicular to each other.
b The plane I, contains the points P, A, B; the plane IT, contains the
points P, A, C and the plane I, contains the points P, B, C.
i Which plane has the equation x+ 3y—z=4?
ii Which plane has the equation 2x—y—z=3?
iii Find the equation of the third plane.
¢ Consider the planes with equation M(x+3y—2)+ N(2x—y—23) =4M+ 3N,
where M and N are real numbers.
i The equation above can be rearranged to the form
ax+by+cz=4M+3N. Express a, b and ¢ in terms of M and N.
ii Show that the line through P and A is in these planes for any M and N.
d Find an equation of the plane through P, A and (0, 0, 0).
e Find an equation of the plane that contains P, A and parallel to BC.
10 For the function f: R— R', we know that {f(1)=6 and f(x+7y)= fIf()
3 SL1.2,21,2.6
forevery x, ye R.
5 Find: HL1.2,2.1,2.4
i {2)andf(3)
i f(0)
iii f( 1) and f(-2)
1
iv f —land f| = |.
’ ; 116
b Suggest a function that satisfies the properties f(1) = 6 and f(x+7y) =
for every x, y € R.
Verify that these properties are indeed true for the function you suggested.
d For given a, b > 0, suggest a function that satisfies the properties g(1) = a
and g(x+y)= w for every x, ye R.
e Verify that these properties are indeed true for the function you suggested.
SL1.2,6.4,6.5
1 Sh h ! L __2
@ showthat === = "—— =" " HL1.2,6.4,65
, 1 1 1 . .
b Write - and - as single fractions.
x—2 x+2 x—3 x+3
¢ Write as a single fraction.
Xx—n x+n
. . p
d Find J- 100 ————— dx giving your answer in the form In 7



68 Practice questions

12 a  Find the sum of the elements in each of the first four rows of Pascal’s
triangle.

10 (10
b Find the value of z .

k=0

n
€ Suggest an expression for 2( )

k=0
d (HL) Prove your conjecture for part C.

n k n
e Suggest an expression for 2(—1) L)
k=0
(HL) Prove your conjecture for part €.

g (HL) Now consider a new number triangle which is built from the top
using the following rules:

o T,,=1andT, ;=1 forall neZ"
o T .=2" forallneZ’
e T ,=2T_ ,,+T,_  forallneZ" and0<k<n

i Write down the first five rows of this new number triangle.

n
il Suggest an expression for ZTnk.
k=0

iii Suggest an expression for T, .

13 a Find the equation of the tangent line to the parabola y=x"at x =1, at x=2
and at x=3.

b Write down the equation of the tangent line to the parabola y = x* at x =a.

¢ Find the equation of the two tangent lines to the parabola y = x* with
y-intercept (0, —9).

d Find the equation of the two tangent lines to the parabola y= x* with
x-intercept (1, 0).

e Find the equation of the two tangent lines to the parabola y=x’ through
the point (1, —=8).

14 a  Find the x and y-intercepts of the tangent line to the hyperbola y= 1 at
x=1,at x=2 and at x=3. x

b Werite down the x and y-intercepts of the tangent line to the hyperbola
1
y=— atx=ad.
X
¢ Find the area of the triangle bounded by the x-axis, the y-axis and the

1
tangent line to the hyperbola y = L the point | a, - I

1
d Find the equation of the tangent line to the hyperbola y= * with
y-intercept (0, 4).

e Find the equation of the two tangent lines to the hyperbola y= 1 through
, x
the point (0.6, 0.6).

15 a i Show that the distance of the point (a, a*) from the point (0, 0.25) is
the same as the distance of (a, a”) from the line y=-0.25.

ii Show that the distance of the point (a, 2a”) from the point (0, 0.125) is
the same as the distance of (a, 2a*) from the line y=-0.125.

iii Show that the distance of the point (a, 4a*) from the point (0, 0.0625)
is the same as the distance of (a, 4a*) from the line y=-0.0625.

b Find a similar point and line for the points on the parabola y = 3x".

¢ Suggest a similar point and line for the points on the parabola y= kx’.

SL1.3
HL 1.3

To0
Tio T
Lo T T

T30 T31 T32 T33

Tao Tan Tap Taz Tya
Tso Ts1 Tsp Ts3 Tsa Tss

SL2.4,6.1
HL 6.1

SL2.5,6.1
HL 6.1

SL2.4
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16 (HL) Consider the following functions defined on the largest possible domain:

. 3
XH>cosx, xb»sinx, x> xt,  xPx, X, x> In]| x|,
—x* 2 : 2 x
Xk>e x> cosx, xb>sinxsy, x—1L x>0, xbe
a  Which of these functions is both odd and even?

(=2

=~ o N

17 a

Which of these functions is neither odd nor even?

Which of these functions is even but not odd?

Which of these functions is odd but not even?

Draw a Venn diagram to illustrate your findings for parts a—d.

The following statements are either true or false. State which are true and
which are false. Prove the true statements. For the false statements, give a
counter-example.

i The sum of any two odd functions is an odd function.
ii The sum of any two odd functions is an even function.
ili The product of any two odd functions is an odd function.
iv. The product of any two odd functions is an even function.
v The sum of any two even functions is an odd function.
vi The sum of any two even functions is an even function.
vii The product of any two even functions is an odd function.
viii The product of any two even functions is an even function.

The following statements are either true or false. State which are true and
which are false. Prove the true statements. For the false statements, give a
counter-example.

i The derivative of any odd differentiable function is an odd function.

ii The derivative of any odd differentiable function is an even function.
iii The derivative of any even differentiable function is an odd function.
iv. The derivative of any even differentiable function is an even function.
Without using your calculator, put these integrals in increasing order.

J_ll tan x dx J‘;xae"‘l dx _[ixzsinx dx

Consider the parabola with equation y=x” +4x+4 and the line with
equation y=4x—1. Let P be the point on the parabola closest to the line.
At point P, the tangent to the parabola is parallel to the line.

i Find the x-coordinate of P.
ii Find the y-coordinate of P.
iii Find the equation of the normal to the parabola at P.
iv Find the intersection of this normal and the line y=4x—1.
Vv Suggest a definition for the distance of a parabola and a line.

vi Using your definition, find the distance of the parabola y=x’ + 4x+4
and the line y=4x-1.

(HL) Consider the two parabolas with equations y=x" +4x+4 and
y=4x-3-x". We are trying to find points P and Q on the parabolas such
that the distance PQ is as small as possible. We say that the smallest such
distance is the distance of the parabolas. The coordinates of P and QQ are

(p, p* +4p+4) and (¢, 49— 3—q") for some p and q.

Practice questions

HL2.1,2.4,25,3.2,6.1,65

SL2.4,4.4,6.1
HL2.6,4.4,6.1

69
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i If PQ is the smallest distance, then Q is on the normal line to
y=x"+4x+4 at P. Write an equation in p and q that expresses this

property.

ii If PQ is the smallest distance, then the tangent lines to the parabolas
at P and at Q are parallel. Write an equation in p and g that expresses
this property.

iii You now have two equations in two unknowns. Solve the equation
system to find p and g. Q

iv. Write down the coordinates of P and Q.
v Find the distance of the two parabolas.

18 Consider a triangle ABC, a point O in the plane and the positive real numbers
@,  and y. Let A be the point on the side BC of the triangle such that

AB_7 . Similarly, B, is on side AC such that -~ BA_7 ,and C_ is on side AB
A C ﬂ ! o SL4.1
such that _B .Let OA=a, OB=b and OC=c. HL 4.1
1B o

a i Find AB and A_Cl in terms of @, b, o and .

ii Show that OC, = oca+ﬁb'

a+f

ili Write down similar expressions for GKI and OTBl.

b Let P be the point inside the triangle such that OP = oa+pbiyc .
o+p+y

i Find CP in termsof a, b, c, ¢, B and y.
ii Find TCI intermsof a, b, ¢, o, B and .
iii Show that (o+B)CC, =(a+B+7)CP .

iv. Write down similar relationships between AA, and AP, and also
between BB, and BP .

v Show that the three line segments, AA |, BB, and CC, meet at point P.

19 (HL) Consider a triangle ABC with points P on side AC and QQ on side BC
PC 1 d Q€ QC 1

such that — =~ an = . The intersection of AQ and BP is O. The line
QB 3 HL 4.1

through C and O intersects AB at point R. Let p=CP and g=CQ.
a Find CA in terms of p and CB in terms of g.
0Q_3 10 O _2

b Let == and .
OA «x OB vy A

i Find QA, QO and CO in terms of p, q and x.

i Find PB, PO and CO in terms of p, g and y. R
iii Show that xy—6x—24=0 and xy—6y-18=0.
iv Find the values of x and y. P

\ Showthat(T):gIH—Sq. °

H C ™3 B

¢ CR =kCO for some k €Q, and aRA =—bRB for some a, be Z".
i Find RA and RB in terms of p, g and k.

ii Show that for k = %, RA and RB are indeed parallel.

ili Write down possible values for a and b.

iv Hence, show that CP AR BQ =

A RB QC
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20 Consider the cubic curve with equation f(x) = ax’ +bx’ +cx+d, where a > 0.

a Show that there is exactly one point of inflexion on this curve. If this
point is (p, q), find p and q in terms of a, b, ¢ and d.

p
b The graph of f is translated by a vector [ ] The equation of the
—-q

translated graph is y = g(x) for some cubic function g.
i Find g(x) in terms of a, b, ¢, d and x.
ii Show that g(—x)=—g(x) for all x eR.
iii (HL) What symmetry of the graph of g does the previous equality

express!
¢ i Showthat q—f(p—x)=f(p+x)—q.
ii (HL) The graph of f is symmetric about a point. Write down the
coordinates of this point in terms of p and q.

d i Show that if b —3ac > 0, then there is exactly one local maximum,
and exactly one local minimum point on the graph of f.

ii (HL) Show that if b*> — 3ac > 0, then on the graph of f, the point of
inflexion is the midpoint of the line segment connecting the local
maximum and local minimum points.

e (HL) The graph of y=x’ +bx” +cx +d has a local maximum at (1, 5) and a
local minimum at (3, 1).

i Find the coordinates of the point of inflexion of the graph.
il Find the values of b, ¢ and d.

21 (HL) a Match graphs A, B, C, D and E with the functions.

i x X

il xox’—x

;

I x> x

v xxt =
Voxxt =220+ 47

b Suggest a polynomial function to match the following graphs.

LU

22 Two boats (A and B) start at the same time from different locations and

are sailing on straight line paths. Their positions are given by the equations

P— -2 5 | and T = 6 +t 3 (distances are measured in
Al 12 2 4

.- 1
kilometres, t represents time in hours and the direction to the east is [O ).

+t

a A third boat (C) is always halfway between boats A and B.

i Find the position of boat C at t=1, 2 and 3.
il Suggest an expression for the position of boat Catt =n
iii Check your expression found in part b for ¢t = 10.

iv. Show that boat C also sails on a straight line path with constant
velocity. Find an expression for r,, the position of boat C.

v Write down an expression for the velocity of boat C in terms of v, and
vy, the velocity vectors of boats A and B.

Practice questions

SL1.3,2.2,2.3,6.3
HL1.3,19, 21,2.2,23,25,6.3

HL2.2,25,6.3

SL1.1,4.1,4.3
HL1.1,4.1,4.3
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b A fourth boat (D) is always halfway between boats C and B.
Werite down an expression for r,, the position of boat D.

¢ A fifth boat (E) is always positioned between boats A and B such that
2 AE = EB. Show that this boat is sailing due east.

23 Consider the quadrilateral ABCD, and points P,,P,,Q,,Q,,R,,R,,S,,S, on the
sides such that AP, =P,P, =P,B, BQ, =Q,Q, =Q,C, AS, =SS, =S,D and
DR, =R,R, =R,C. The intersection of line segments PR, and S,QQ, is M and
the intersection of line segments P,R, and S,Q, is N. Let AP, = p, AS, =s,
EF‘] and DR, =r.

Show that r— p=g-s.

Express S,Q, in terms of p and r.
S D DU
¢ Show that AS, + 3 S,Q, =AD + EPIRI .

d Show that 35, M =S,Q, and 3’ M=PR .
e Show that MN is parallel to AC.

24 2 Show that x > hl 21 is self-inverse.
X —
b Find the inverse of x > 2x + 2.
x=20 54
c 'Theﬁnmdonfmddhmdbyfu)=gf——g.Hnd(fofxx)
. —
d i Suggest infinitely many values for a and d such that x — ;lx b fl
X +

is self-inverse.

il Show that your suggestions are indeed self-inverse functions.

d
e i For the function defined by f(x) = ax+b , (C #0, x# ——],
cx+d c

Ax+ B

Cx+D
Find A, B, C and D in terms of a, b, ¢ and d.

express (f o f)(x) in the form

il Find all self-inverse functions of the form x > ax_—i—b’ where c#0.

cx +
x
25 Let tan 7 =t.
a i Find an expression for cos’ g in terms of t.
. -t
ii Show that cosx= -
+t
iii Find an expression for sinx in terms of t.
iv Find an expression for tanx in terms of t.
v Check your results for x = 240°.
b (HL) In this part we assume that 0 < x <
i Show that %: 2 —
de I+¢
. o X , 1
ii Use the substitution tan ==t to find J. dx,
) 2 1+ cosx
iii Fi dx.,
Find J. 1 + sinx
1

iv. Show that J dx=In(1+tan §)+c,

1+ sinx + cosx

SL2.1,25
HL2.1, 2.4

SL3.2,3.3
HL3.2,3.3,6.2,6.4,6.7
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26 In the diagram, ABCD is a rectangle, AE =1, AEF = 90°, 0 < BAE = o < 45°
and 0 < EAF = B < 45°.
a Express FEC and AFD in terms of @ and .

b Express AB and BE in terms of c.

(g

Express FE and CE in terms of & and f3.
Show that FC = tan Bsino-

e Show that AD=(cosa —tan fsin @)tan(c + ).

o

tan + tan 3

f Show that tan(a+ )= .
l-tanatan

sin(o + )
cosf3 .

h  Show that sin(o+ ) =sinacos S+ cos asinf .

g Show that AD=

i Find the exact value of sin 75° tan 75° and cos 75°.
j  Find the exact value of sin 15° tan 15° and cos 15°.

27 Blaise and Pierre agree on the following game. They both pay in 10 écu and
then they together toss a fair coin ten times. Blaise wins all the 20 écu if five
heads come first, Pierre wins all the 20 écu if five tails come first.

a Is this a fair game?
b After the first seven tosses, they recorded three heads and four tails.
i Draw a tree diagram to illustrate the possible continuations of the game.

il After this start of the game, the chances of winning are changed.
Find the new probabilities of winning for both Blaise and Pierre.

¢ They suddenly have to finish the game after three heads and four tails.
How should they divide the 20 écu they paid in originally?

28 Tom and Martin play the following game. Tom writes a different real number
on each of four pieces of paper and puts them in a box. Martin picks a paper
randomly from the box and keeps it or gives it to Tom. If Martin does not keep
the paper, then he picks another one from the box, and again he either keeps
it or gives it to Tom. If Martin keeps a paper, then they stop playing and Tom
gets all the remaining papers from the box. Otherwise Martin continues to pick
randomly from the box until he decides to keep the paper he just picked. At the

end of the game Martin will have one paper with a number written on it and Tom

will have the remaining three. Whoever has the largest number wins the game.

a What is the probability of Martin winning the game if he decides to keep
the first number he picked?

b On another occasion Martin uses the following strategy. He decides in
advance that he does not keep the first paper, but he looks at the number
written on it. He continues to pick and keeps the first paper that has a
number written on it that is bigger than the numbers he has seen already.

i Draw a tree diagram illustrating the possible game flows. Stop a branch
when it is clear who the winner is (independent of the continuation).

i Find the probability of Martin winning the game if he uses this strategy.

¢ On yet another occasion Martin decides to use a different strategy. He
now looks at his first two picks, but gives them to Tom. He then keeps the
first number which is bigger than the ones he has already seen. Find the
probability of Martin winning the game using this strategy.

d What is the probability of Martin winning the game if he decides in
advance not to keep any of his first three picks?

e Suggest an optimal strategy for Martin.

Practice questions

SL3.2,3.3
HL3.2, 3.3

SL5.5
HL5.2

SL5.5
HL5.2
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74  Practice questions

29 Let the functions S, and C, be defined by S, (x) =sinkx and C,(x) = cos kx.

N2 T2 SL3.3,34,65
a Find J_nsk (x) dx and J:HC,( (x)dx,

HL 3.3, 6.5

b iFind [ S,()C (x)dx and [ 8,(x)C,(x) dx.
il Write down the value of _[l S, (x0)C, (x) dx,

iii (HL) Show that for any positive integer, n#m, S C, is an odd function
and hence (or otherwise) find J‘j S, (x)C, (x) dx.
¢ (HL) i Show that 2coscosf = cos(o+ )+ cos(cr— f3).

il For positive integers, n#m, find _[; C,(x)C, (x)dx.
d (HL) For positive integers, n #m, find J_ S, (x)S,, (x) dx.

e Find:
i J:: cos’(3x) dx
6

i (HL) J.z cos(3x)sin(5x) dx
iii (HL) J:ﬂ cos(3x)cos(5x) dx

iv (HL) '[jﬁsin(3x)sin(5x) dx.

30 (HL) A skydiver begins his jump at a height of 4000 metres above the ground.

First he falls for 60 seconds then he opens his parachute. His velocity, v(t) is HL6.1,6.3,6.4,6.5 6.6

measured in m/s, and time is measured in seconds from the start of the jump.

According to a simplified model of the jump, % =10—kv, where k=0.2 for
t

the free-fall part of the jump, and k = 2 when the parachute is open.
a i Giveareason why 0 <o(t) <50 during the free-fall part.
ii State i and show that the time, T, needed to reach velocity, V

v
(where 0<V <50),is T= J‘V;dv
°10-0.2v

iii Show that v(t)=50(1—e %),

(=2

At the time when the skydiver opens his parachute:
i What is his velocity?
ii How far is he from the ground?

¢ i With the parachute open, a < v(t) <b. State the value of b and the
largest possible a.

ii Show that the time, T, needed from the point when the parachute is

opened to reach velocity, V (where a <V <b),is T = j\i ﬁ do.
v —
iii Find o(¢) for the part where the parachute is open.

o

How long does it take for the skydiver to reach the ground?

o

What is the speed of the skydiver when he reaches the ground?
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Hints

Do you understand the definition of these sequences?

Use u, to find u,, then y, to find u,, ...

o o

Use the values of 1, and u,.

Use the result from part b.

Simply calculate these values.

Compare the two sequences.

Apply the steps of an inductive proof.
question combining calculus with sequences.

Use the chain rule.

T o » - 0 o N

Can you see the pattern?

(o]

You need to use cases depending on the remainder of n when it is divided

by 4.

d  Apply the steps of an inductive proof.

 is a third root of unity.

a Factorise @ — 1.

b Use the result from part a.

¢ A simplified expression from part b gives .
yand x can be found similarly.

d  Use row reduction and the result from part a.

2, %3, 35, %4 and 25 are the fifth roots of unity.

a Use the Vieta formula.

b Use the Cartesian form, w = a + bi.

¢ Use part b to expand and use parts a and b to simplify.

d Notice the connection to part c.

Simultaneous linear equations in three unknowns.

a i Eliminate ¢ using two of the given equations.
ii  Use the previous part.
iii Use the previous parts.

b Set up equations that express that the parabola goes through the given
points.

¢ Foranyt, there is a curve in the form y = ax? + bx + ¢ passing through
these points. Think about how it can be that this is not a parabola.

Can you find the general term of the sequence in part b without the help in
parts a and c?

a i Eliminate c using two of the given equations.
ii  Use the previous part.
iii Use the previous parts.

b i Isthe difference common?

ii Is the ratio common?



76 Hints

C

i Substitute n = 1, 2, 3 in the formula.
il Solve the equation system you got in the previous part.

iii Substitution again.

7 Cubic curve with specified properties.

10 The functional equation is similar to the index law ¢

1

Use the rules of differentiation.
Substitute x = 0, 1 in the formulae.

At local maximum and minimum the derivative is 0. Set up and solve an
equation system in the four unknowns.

What does continuity and differentiability mean for a piecewise defined
function?

a
b

Connect the points (0, f(0)) and (1, f(1)) with a straight line.

Can the gradient of a quadratic match the gradient at both endpoints of
[0, 17

There are different possibilities here. A cubic polynomial or a
trigonometric curve are the simplest to find.

A proof here needs to use the limit definition of continuity and the
derivative. Consider left and right limits.

Part ¢ gives a way of using parameters to find the equations of all the
(infinitely many) planes containing a given line.

a
b

a

e

Use the dot product.

Either substitute the coordinates of the points in the given equations, or
check the normal vectors of the given planes and use part a.

i Rearrange the equation.
ii  Substitute the coordinates of both A and P in the equation.

Use part ¢ and search for good M and N values. There are infinitely many
possibilities; any of these will lead to a solution.

Use part ¢ and search for M and N for which the normal vector of the
plane is perpendicular to BC.

X+y Zx Zy .
Use f(1) = 6 and pick appropriate x-and y-values to substitute in the
functional equation formula. For example choosing x = 1 and y =1 gives

(2), or choosing x =y =1 will lead to an equation for f(L).
f y=3 2

The values for f at x =0, 1, 2, 3 should give a hint. Check your formula
with the other values.

F(0f ()
5

Generalise your result from the previous parts. You may need to express
g(2), g(3)s -~

Use the method of part ¢, this time with parameters.

Check that {(1) = 6 and write an equality chain f(x+y) =--- =

Integrating a quotient with a quadratic denominator sometimes involves

rewriting the quotient as the sum or difference of two simpler fractions.

a
b

N

Use (x — 1)(x + 1) as the common denominator.
Similar to part a.
Generalise from the previous parts.

Use the previous part for n = 10 and integrate the two simpler fractions.
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12 This question generalises a well-known property of Pascal’s triangle.
Add the numbers carefully.

Following the pattern from part a is not enough here; you need to calculate
all terms involved either using a calculator or by writing Pascal’s triangle up
to the appropriate row.

¢ This is the part where you can write down an expression that is consistent
with the pattern in parts a and b.

d This can be proved by induction or using the binomial theorem,
expanding (1+1)".

e Find the values forn = 1, 2, 3, ... and generalise.
Use the binomial theorem.

g Build this number triangle from the top using the construction rules given.
For suggesting an expression, find the values forn = 1, 2, 3,4, 5, ... and
look for a pattern.

13 In parts ¢, d and e the question asks you to find the tangent lines to a parabola
from points not on the curve.

Use differentiation to find the gradient.
Use the pattern from part a.

¢ Use the result from part b and find the line that goes through the given
point.

d Again, use the general form of the tangent line from part b.
e Again, use the general form of the tangent line from part b.

14 Part C is an interesting result about hyperbolas and their tangents and
asymptotes.

a Use differentiation to find the gradient first.
b Use the pattern from part a.
¢ These are right-angled triangles.
d  Use part ¢ to find the x-intercept first.
e Use the general equation of the tangent line from part b.
15 This question investigates a geometric property of parabolas.
a The distance of a point from a horizontal line is measured vertically.

b It is not enough to write down the result following the pattern from part a;
you also need to do the calculation to show that your value is correct.

¢ No proof is needed here, just a formula that is consistent with the pattern
from parts a and b.

16 Do you understand the symmetries of the graphs of odd and even functions?

There is only one function that is both odd and even.

T 9

Only one of the listed functions has a graph with no symmetry.
Which function satisfies f(—x) = f(x)?
Which function satisfies f(—x) = —f(x)?

Summarise the results of parts a—d.

=~ o N

For counter-examples, search among the simple power functions, x > x".
For proof, write an equality chain. For example, to show that the sum of
odd functions is odd, you need a line like (f + g)(—x) =--- = —(f + g)(x)-

Hints
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g For counter-examples, search among the simple power functions,
x = x“. For proof, write an equality chain going back to the limit
definition of differentiation. To have a feeling for which of the statements
is true, draw an odd and an even graph and compare the gradient of the
tangent line at x = a and x = —a.

h  All of these are integrals of odd functions. Use the symmetries of the
graphs of odd functions to decide which of these integrals is positive,
which one is negative and which one is 0.

17 How would you define the distance of two curves in the plane?
a i Use differentiation and compare gradients.
il Use the x-coordinate found in part a i.
iii The tangent is perpendicular to the normal.
iv Solve the equation system that describes the two lines.

v Can you formulate a definition that is general enough to use for all
lines and parabolas? Try to concentrate on stating what the distance is,
rather than describing how to find it.

vi Use your definition. You will probably also need the results from the
previous parts.

b i Express the gradient of PQ and also the gradient of the normal line
at P.

ii  Express the gradients of the tangents at P and at Q.

iii This is not a linear system, but you should get a cubic equation in
either p or g. This cubic can be factorised as a product of a linear and
a quadratic factor with integer coefficients.

iv Use the values you found in the previous part.

v Find the distance of P and Q.

18 Do you remember how to add vectors? For any three points, XY = XZ+ZY .
To express XY in terms of given vectors, look for an appropriate Z.
a Parallel vectors are constant multiples of each other.

b To answer the last part, think about what part iii tells you about the
position of C, C, and P.

19 This question is similar to the previous one.
a Parallel vectors are constant multiples of each other.
b i Use vectors CQ and CA.
il Use vectors CP and CB.

iii Compare the two expressions you got in the previous two parts for the
same vector, CO.

iv Solve the equation system from the previous part.

v Substitute your x- or y-value into the expression from part i or ii.
¢ i RA=RC+ CA

ii  Parallel vectors are constant multiples of each other.

ili a and b specify the ratio of the length of the vectors.

iv U dbt -
se a and b to express RB
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20 This question explores the symmetry of a cubic curve.

Differentiate { twice.
This translation moves the point of inflexion to the origin.

I g =flx+p)-q

il Your previous answer should have neither a quadratic term nor a
constant term. If it does, go back and check your calculation.

iii Think of the symmetry of the graph of an odd function.

i The righthand side is g(x).

il The graph of f is the translation of the graph of g.

i Use the derivative and think of the second derivative test.
ii  Think of the symmetry you found earlier.

i Use the previous part.

ii  Set up an equation system.

21 For a polynomial graph, multiple roots imply horizontal tangent lines at the
X-intercept.

a

Factorise the polynomials.

b Look for a possible expression in factor form.

22 Do you know how to interpret the vectors in the equations describing motion?

a

i Use the midpoint formula.
il Can you see the pattern from the previous part?

iii Find the position of boats A, B and C as in part i, and see if your
formula from part ii gives the same position for t =10.

iv Using part ii is not enough here, since that position is only a conjecture

from the previous pattern. Instead, use r. = %(I‘A +1).

v Look for the velocity, v, in the form av, + by, for some real numbers,

a and b.

b Use the result and method from part a iv.

C

Find the position, %, and interpret the result.

23 You will need to carefully manipulate expressions involving vectors.

AB +BC + CD + DA=0
Write the path from S, to Q, through A and B as a vector sum.

Write both the left-hand side and right-hand side in terms of p, q, r and s
and use part a.

If AX is the vector of the left-hand side of the equality in the previous part,
then where is the endpoint, X?

The previous part gives you AM. Similar method gives AN. Use these to
express MN in terms of p, g, r and .

24 This question investigates self-inverse rational functions.

a

Think of asymptotes and the transformation needed to get the graph of
the inverse from the graph of a function.

Use the usual method.

Use the definition and simplify the result.

Hints
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Hints
d i Can you see the pattern in the previous parts?
il Use any of the methods from parts a, b or c.
e i Use the definition and work carefully.
il What are the conditions on A, B, C and D so that (f o f)(x) = x
for all x?

25 This question involves unusual substitution to find integrals involving
trigonometric functions.

a i Use the Pythagorean identity involving tangent.
ii  Use the double angle formula for cosine.
iii Start with the double angle formula for sine.

iv Either the double angle formula for tangent, or the results from the
previous two parts should help.

v No hint here.

b 1 Either find % and take the reciprocal, or express x in terms of ¢ first.
i After the substitution, simplify the quotient.
iii Use the same substitution.

iv Either use the same substitution again or, since the integral is given,
checking the result using differentiation is also a good approach.

26 This question leads to the proof of the compound angle formulae for small
angles.

Use the right angles at B, E and D.

T o

ABE is a right-angled triangle.

Use the appropriate trigonometric ratios in triangles AEF and ECE.
Use the same triangles as for part c.

DF=AB-FC

AD=BE+EC

Find AF first.

AD=BE+EC

i Choose appropriate ¢ and 8 values.

J 15+75=90

27 Can you answer part ¢ without working out part b?

=~ o N

> «Q

a Think of the symmetry in the description of the game.

b i Think of the possibilities. For example, what happens if the next toss is
tails?

ii  Use the tree diagram.
¢ To be fair, whoever has more chance of winning should get more money.
28 Do you understand the rules of the game?
a What is the chance of picking the largest number at the first pick?
b Do you understand this strategy?

i Use some symbols to denote the numbers, say t, <t, <t; <t,. Think of
what can happen. For example, the first pick can be any of these four
numbers with equal probability.

ii  Use the tree diagram.
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Draw a tree, branching first according to the possible first two numbers.
d How many ways can the largest number not be among the first three?

e How would you play if you were Martin? Are there any other meaningful
strategies besides the ones mentioned in the previous parts?

29 Definite integrals involving products of trigonometric functions.
Express sin” kx in terms of cos2kx .
b i Use sin20=2sinfcosH .
ii  Can you see the pattern in part i?
iii Use the symmetries of odd functions.
¢ i Use the compound angle identities.
il Use part i.
d Find an identity for 2sinorsin 3 .
e Use the previous parts and the periodicity of the trigonometric functions.

30 This is a kinematics problem, where the acceleration is given as a function of
the velocity rather than time.
dv

" for different values of v.

a i Investigate the sign of

.o de ) dv . . dt
ii o is the reciprocal of d—; t is one of the antiderivatives of o
v t v

iii Evaluate the integral in the previous part and solve it for V.
b Use the formula from part a iii.

¢ Use similar methods to part a. A little care is needed however, because
1

=70 dv is not In(10 - 2v), rather it is

for v > 5, 10 — 2v is negative, so J.
In(2v—10).

d  Use the distance travelled formula and the result from part c iii.

e Use the result from part d and the formula from part c iii.



The numbering of the ideas in this chapter corresponds to the numbering of the
Practice questions. These are not problems that would appear on exams, rather
some open-ended questions related to the exercises. Answers are deliberately not
given, because these are not problems to solve, rather ideas to think about.

< 1 1
1 In this question we came up with the formulae Zk =—n'+ > n and

n k=1
Zkazln4+ln3+lnz.
k=1 2 4
v s 1, 1
CanyoushowthatZk =-n +En +gn.7
k=1

Can you see a pattern in these formulae?
Can you find a formula for Zk“?
k=1
Can you generalise your work to suggest a method to find formulae for

Zk” for natural numbers p > 57

k=1

2 The statements in this question rely on the fact that for g(x)=sin x and for
g(x) =cosx, g (x) = g(x).

You already know a function for which g’(x) = g(x) for all x € R. Can you
find all such functions?

Can you think of a function with property g” (x) = g(x) forall x € R (but
g’ (x) # g(x) for at least one x)?

It is more tricky to find a function with property g" (x) = g(x) forall x € R
(but g’ (x) # g(x) for at least one x). Try to find a function like this, or use
technology to help your search.

What about higher order derivatives?

If g" (x)=g(x) and g" (x) = g(x) , then it is not difficult to show that
g (%) = g(x)-
Is the same conclusion true if g™ (x) = g(x) and g™ (x) = g(x)?

If not, then can you find n and m for which it is not true, and can you
find a condition on n and m under which the conclusion is true?

3 It was not asked in the question, but the relationship " =—1—® can be used
to express @' in the form p, +q,®, where p, and g, are real numbers.

Can you find p, and g ?

. . n
In fact, if @ is a complex or real number and ®* =P+Qw , then ®" can
still be expressed in the form p_+ g, @, where p_and q_are expressions in
n n n n

Pand Q.
Investigate this for different P and Q values.
Find a recursive formula for p_and g, .

The closed form for p_ and q, can be found using linear recursion. This
topic is covered in the discrete mathematics option of the HL syllabus.

4 This question is based on an older HL internal assessment task, ‘Patterns from
complex numbers’. There are other areas of elementary geometry where an
approach using complex numbers can be useful. Multiplication by a complex
number corresponds to enlargement and rotation on the complex plane. This
can be used, for example, to solve the following problems (and many more).
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Let ABC be a triangle and O, O, and O be the centres of the equilateral
triangles ABC, BCA, and CBA, respectively. Then O,0,0. is an

equilateral triangle.

Let ABCD be a quadrilateral, and O, O,, O,, O, the centres of the
squares drawn above the sides AB, BC, CD and DA respectively. Then
O,0; is perpendicular to O,0,, and these two line segments have equal
lengths.

IfA A, A A, Ay Ag A, is aregular polygon with seven vertices, then
1 1 1
= + .
AA, AA; AA,
If A, i=1,..., 15 are vertices of a regular polygon with fifteen sides, then
1 1 1 1
= + + :
AA, AA, AA, AA
5 The choice of points in part b was not important. For any three points (x,,y,),
(x,,5, ) (x3,55), if x, x, and x, are all different, then there is a unique function

in the form f:x — ax’+bx+c, such that f(x,) =y, f(x,) =7y, and f(x,) =,

You can experiment with different points. Set up an equation system like
the one in the question and investigate the number of solutions.

Can you prove that the solution is unique for any three points?
It can be done using row reduction, which is part of the HL syllabus.

The calculation is simpler if you use matrices. The study of matrices is
no longer in the core syllabus; it is now part of the linear algebra topic
of the further mathematics syllabus.

Can you generalise from three to four or more points?

Can you find four points where there is no parabola going through all
of these?

What type of curve do we need in order to go through four points?
Pick four points and find a curve passing through all of them.

Can you prove that there is always a unique cubic curve through four
points with different x-coordinates?

6 The difference sequence of the sequence in part b is —1, 3, 7, 11, ...
The difference sequence of this difference sequence is 4, 4, 4, ...

It is generally true that if the second difference sequence is constant, then
the general term of the original sequence is of the form u, =an’ +bn+c.

Can you find examples to this claim other than the one in the
question?

Given u, and u, (the first two terms of the sequence) and d, d, d,...

the constant second difference sequence, can you find u;, u Y and the
general term u !

The converse of the previous claim is also true. If the general term is of the
form u, =an’ +bn+c, then the second difference sequence is constant.

Check this claim with different values of a, b and c.

Express u,,, —u,, the nth term of the difference sequence, in terms of

a, b, cand n.

Can you find the nth term of the second difference sequence? Does it
depend on n?

Can you generalise? What happens if the third, fourth, etc. difference
sequence is constant?

Further investigation ideas
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7 In this question, we had to find a cubic polynomial function with given value
and gradient O at x = 0 and x = 1.

Was it important that the gradient is 07 Was it important that the values
were given at x = 1 and x = 0? These values made the calculation easy, but
do we always get a unique cubic polynomial function if we specify the value
and gradient for two different x-values?

In the question, four conditions were given (the values of g(0), g(1), g7(0),
g’(1)) that translated to four equations in the four unknowns. Can these
conditions be changed to four other conditions so that the resulting
equation system has a unique solution? For example,

the value of the polynomial at four different x-values
the value of the polynomial at three different x-values, and the gradient

at another x-value

the value of the polynomial at two different x-values, and the gradient
at another two x-values

the value of the polynomial for an x-value, and the gradient at another
three x-values

the gradient at four different x-values.

If more conditions need to be satisfied, then can it always be done with a
cubic polynomial, or do we need higher order polynomials? For example,
if we are looking for a function when the values are known for several
different x-values, what strategy can be used?

We can look for higher order polynomials.

We can look at piecewise defined functions, where the pieces are lower
order polynomials.

We can look at lower order polynomials that may not match the values
exactly, but are close enough for practical purposes.

8 This question is related to the last investigation idea for question 7.

Suppose we have some points on the plane, (x,,y,), (x,,y,), -, such that
x; < x, < ... The goal is to find a function such that f(x,) =1y,

Pick four points to start with and find the cubic polynomial that goes
through these four points. Use technology to experiment with the shape of
the curve when the positions of the points change.

Add a fifth point and try to find a cubic polynomial that goes through all
the points. In most cases you will not succeed. Either you need a higher
order polynomial or a piecewise defined function.

To find a piecewise defined function, you can simply find the linear functions
connecting (x,,y,) to (x,,7, ), and so on, but this will not give a nice graph.
It looks better if the curves defined on different intervals join ‘smoothly’.

Try to use quadratic curves on intervals [x,,x, ], [x,,x;], ... Can you find
curves that join smoothly at the endpoints?

Modifying the result of the exercise, you can find cubic curves with
given values at the endpoints of the intervals, and with O derivatives
at the endpoints. If you put these curves together, you will get a
smooth curve passing through all the points, but the resulting graph
will still not look nice.

Can you see the problem with the previous approach? Can you suggest
a way to improve on the construction of the function?

You can also investigate how to find curves through given points on the
plane, when the x-coordinates are not in increasing order.

Can you think of a way to deal with this more general situation?

If you want to do some research, you can look for the key words
‘parametric curves’ or ‘Bézier curves’.
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9 In linear algebra, an expression of the form My + Nw (where M and N are
real numbers) is called the linear combination of vectors v and w. In part ¢ of
this question we can view the plane constructed as MIT, + NTI, , the ‘linear
combination’ of planes IT 1 and I, (even though planes are not vectors). In part
¢ we showed that all planes of this form pass through P and A.

Can you show the converse of the claim in part ¢? In other words, can
you show that all the planes passing through P and A are of the form

MIT, + NTI1, ?
Which planes correspond to positive M and N values?

Can you suggest a meaningful way of defining ‘linear combination’ of lines

in 2D or 3D?

10 This question is related to the general concept of functional equations when
a function is given by its properties, rather than a formula. It was not asked in
the question, but in fact the answer for part b is the only continuous function
satisfying the conditions of the question. There are different ways of doing
further investigation in this area.

We can start with a function.

For example, if a function is defined by f(x) =e*, then one of the index
laws tells us that f(x+7v)=f(x)f(y). Can you find other functions
satisfying this functional equation?

Can you find a functional equation satisfied by f:x - Inx? Can you
find other functions satisfying the same functional equation?

l} I(x) =1(2x+1)+1(2x)?

X
Can you show that for L:x > xInx, L(xy) = xL(y)+yL(x)?

Can you show that for [: x = 1n (1 +

(1
Can you show that for t: x F>tan ! {—j, tx)=t(x+1D)+t(x* +x+1)?
X
We can start with an equation.

Can you find functions satisfying the following equations? All of these
look similar to the ones mentioned before. In some of these you may
need to restrict the set of possible x- and y-values.

o flx+y)=f(x)+f()

o flxy)=f(x)f(y)

o flxy)=f(x)+f(y)

What happens if you modify these a bit?

Here are some other equations. Can you find a function satisfying

these?
o flx+y) f =2f(x)f(y)
. f( f(x)f(Y)

f()f
'f(x =f()+f(3)+f()f ()

° f(xy f )f(y) = f(x+y)+1

11 In part a of this question we wrote as a difference of two fractions

Xt —
1

1
with simpler denominators as 1 ot This is called the partial fraction

decomposition of . The study of partial fractions used to be part of the

x -1
HL syllabus, so you may find older past paper exercises that use this technique.
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If you can answer the following questions, then you are on a right track to
discover a general statement about partial fraction decomposition.

Can you write; in the form iﬂ- B ?
(x+1)(2x—3) x+1 2x-3
3 2
How about x+5 xox+l

or ?
(x+1D)(2x=3) (x+1)(2x-3)

Can you write
x* +1

as a sum or difference of two fractions with simpler
and

1
x'+1 x? —

- as a sum or difference of two fractions with simpler

denominators? What is the difference between ?

Can you write
x—1
and 7;?

x—1)° x =1

denominators? What is the difference between

. 1 . L
Can you write —————— as a sum of fractions with simpler

(x+1)*(2x=3)
denominators? How many fractions do you need and what are the
denominators? Using the partial fraction decomposition, can you
integrate this expression?

Partial fraction decomposition can also be useful for simplifying certain sums.
3nf—n-2 )

Canyoushowthatz ol A
— n +4n

1
Tk - 1
1
Can you give a meaning and find the infinite sum z P ?
12 The generating rule of Pascal’s triangle is simply adding the two numbers
above a certain position in the triangle.

Can you give a meaning and find the infinite sum 2

There are several ways of modifying this generating rule. One was
mentioned in the question. Here are some other possibilities. Can you find
the sum of the numbers in the rows of these new triangles? You can also try
to think of other ways of modifying the generating rule.

In the question, a number was the weighted sum of the numbers

above it. What happens if the weight changes, for example the

recursive rule of the question changes to T, , =3T,_, ,_, +2T,_, , or

n kT

T, .=2T, =T, 7 Of course the numbers on the borders of the

tr1angle needs to be changed accordingly. Can you bulld a triangle
following the general rule T, |, = AT, +BT

n—1, k-1 nl/(

We can add more than two numbers, for example, three or four:

1
1

1T 2 3 2 1 12 3 4 3 2 1
7 3 1 1 3 6 10121210 6 3 1

We can add two numbers, but change the numbers on the border:

Can you suggest a way to build Pascal’s pyramid, a 3D version of Pascal’s
triangle, and find some interesting properties of it?
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13 In part e of this question we found the tangents to the parabola with equation
y = x? from a point not on the graph. Can you think of a way of finding the
tangents to a general parabola y = ax” +bx + ¢ from a general point (x,,y,)?

First look at the case when the point (x,,y,) is on the graph.

Start with some numerical examples, for example, using y = 3x* —2x+5
and several points on the graph, for example, (0, 5), (1, 6), ... In general,
find the equation of the tangent at the point (x,,Y,)on the graph.

After some more numerical examples, you can try to write up the
equation of the tangent line to y=ax’ +bx+c at the point (x,,y,)on
the graph.

If your calculation is correct, you should get an equation equivalent to
y+5, X+ X,

=axx,+b +c. If you did not succeed, can you prove that

this line is indeed a tangent to y=ax” +bx+c if the point (x,,y,) is on
the graph?

Now turn to the case when (x,,y, )is not on the parabola.
Use technology (for example Geogebra) to investigate the relationship

between the parabola y=ax” +bx+c, the point (x, 5,) and the line

+ x+x
Yo % +c.

=axx, +b
Investigate different parabolas and several points.
® [n some cases the line intersects the parabola, in some cases it does

not. When does the line intersect the curve? Can you formulate a
conjecture’

¢ In the case where the line intersects the parabola, connect the
intersection points with (x,, y,). Do you notice something interesting?

e Can you prove what you have noticed during your investigation?
14 Part ¢ of this question asks about an interesting property of the graph of y= l

The area of the triangle bounded by the coordinate axes and the tangent line to
this hyperbola is independent of the tangent line. Can you find other graphs with
this property?

In particular, is there a differentiable function f, other than x Hl , defined

x
for all positive real numbers, such that the area of the triangle bounded by
any tangent line to the graph of f and the coordinate axes is 2?

One way of looking for an answer to this question is to translate the
area condition to an equation to solve:

¢ find the equation of the tangent line to f at the point (x,, f(x,)),
using the slope f'(x,)

e express the x- and y-intercepts of this tangent line in terms of X,
f(xy)and f’(x,)

e express the area of the triangle bounded by the tangent and the
coordinate axes in terms of x,, f (x,) and f(x,)

® use this expression to set up a differential equation that the function

defined by y = f(x) needs to satisfy. If your calculations are correct,

2

this equation is equivalent to 2xy— y_, —x’y' =4 . If you have access
y

to computer algebra systems that can solve differential equations, you
can try to solve this equation. Can you interpret the solutions you get?

What happens if you change the area to another value? Can you guess a
solution without setting up a new differential equation?
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Part e of this question leads to an investigation similar to finding tangents to
parabolas (see the previous question).
After investigating numerical examples, can you find the equation of
the tangent line to y== at the point (x,,Y,) on the graph? Did you get
x
Xo) + X0
2

As with the previous investigation with parabolas, use technology to
experiment with what happens if the point (x,y,) is not on the hyperbola.

When does the line foyo =1 intersect the hyperbola y=— 7 If there
x

=1 (or an equivalent form)?

are intersection points, connect them to (x,,9,). What do you notice?
Can you prove your conjecture?

In the case of the parabola y=ax” +bx+c, we got the equation of the

tangent line at the point (x,,y, ) on the graph by replacing y with Y "‘230 )

1
x with HTXO and x* with xx . In the case of the hyperbola y=—, we get
x
the equation of the tangent line by first rewriting the equation of the
hyperbola as xy = 1, then replacing xy with w
Can you generalise to suggest the equation of the tangent line to the
ax +b
hyperbola y =
cx+d

Check your suggestion using technology.

at the point (xg, v,)?

Investigate what happens when the point is not on the hyperbola.

A common generalisation of the parabola in the previous example,
and of the hyperbola in this example, is the quadratic curve

Ax* +By’ +Cxy+Dx+Ey+F=0-
Investigate the shape of this curve with the use of technology.
Investigate what happens if any of the parameters are 0.

Can you generalise from the previous examples to suggest the equation
of the tangent line to this curve at the point (x,,y,) on the curve?

Can you prove your suggestion?

Investigate what happens to the curve and the line if the point is not
on the curve. When do they intersect? What is the special property of
the lines when you connect the intersection points to (x,,,)?

15 Let d(P, Q) denote the distance between points P and Q, and let d(P, ) denote
the distance of the point P from the line I. In this question we have seen that

the locus of the points P(x, y) with the property that d(P, F)=d(P, 1) (where
F (O, %] is a point on the y-axis, and [ is the line with equation vy =—%) is the
parabola y=x".

Change the position of the point F and the line [ (for example to (3, 4) and
2x+17y=2, or any other point and line) and use technology to investigate
the locus. Can you find the equation of this curve? It will not be a graph of
a function; you will need an implicit equation.

Can you find the equation for a general point and line?

Go back to the original point and line and investigate the locus if the
condition is changed to:

d(P, F)=2d(P, )
2d(P, F)=d(P, I)
d(P, F)=kd(P, I)

for different positive k-values.

Can you find the equation of the curve for a general point and line for
any k-value?
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16 Not every function is even or odd. However, here is an interesting fact about
even and odd functions:

Any function defined on a symmetric interval [-a, a] can be uniquely
written as a sum of an even and an odd function. Can you prove this?

The following set of polynomials (the Legandre polynomials) have several
interesting properties, some of which are related to symmetries:

Let Q,(x)= L d (x*=1)" (the n* derivative of (x> —1)").
2"n!dx"
What is the order of Q (x)?
Can you show that for odd n, Q (x) is odd, and for even n, Q (x) is even?

Can you find Q, (x), Q, (x), Q;(x), ..., the first few of these polynomials?
You can calculate a few by hand, but for larger values of n use
technology. Computer algebra systems can find derivatives of functions.

Find [ Q (0Q, (x)dx, J' Q0Q,(dx, [' Q,(x)Q,(x)dx.

¢ Can you formulate a conjecture?

® Check your conjecture on integrals involving Q, (x) for larger
n values. Use technology.

e [t is not easy but, by using integration by parts, you can prove your
conjecture. Try it!
We define the polynomials, P, (x), recursively as follows: Let P,(x) =1
and P, (x) = x, and for n >1 the following relationship holds:
(n+1DP_,, (x) =2n+1)xP,(x) —nP,_,(x).

n+l

What is the order of P, (x)?
Can you show that for odd n, P, (x) is odd, and for even n, P, (x) is even?

Can you find P, (x), P, (x), P;(x), .., the first few of these polynomials?
You can calculate a few by hand, but for larger values of n use
technology.

Did you notice the connection between Q, (x) and P_(x)?

17 This question discussed ways of defining distances of curves. Here we suggest a
way of investigating a simpler concept, the distance of a point to a curve.

Start with a simple curve, for example, the graph of y = x".
Which point of this graph is closest to (0, 0.1)? How about the point (0, 1)?

To investigate this question, use technology to draw circles centred at these
points and change the radius.

For some r > 0, the vertex of the parabola (0, 0) will be the closest to
the point (0, r). Can you find these r-values?
The point (1, 1) is on this parabola.

e Find a circle with radius 1 that touches the parabola at this point.
There are two such circles. Are either of these inside the parabola?

e Find circles with radius r that touch the parabola at this point. For
any r > 0, there are two such circles. For some r-value, one of these
will be ‘inside’ the parabola. Can you find these r-values?

¢ Can you find points (x, y) for which (1, 1) is the closest point on the
parabola?

Pick points other than (1, 1) on the parabola.

e Find circles that touch the parabola at that point, and are ‘inside’ the
parabola. There is an upper bound for the radius that depends on how
fast the parabola is turning at that point. Can you find this upper
bound?
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e Can you find points (x, y) for which (2, 4) is the closest point on the
parabola? Can you do this for a general point on the parabola?

Even with the simple y = x*, we have seen that finding a point on the
graph closest to a given point is not easy. You can also experiment with
other curves.

18 The point P we found in this question is the centre of mass of the three point
system, when mass o is placed at position A, mass f3 is placed at position B and
mass 7 is placed at position C.

Students who are interested in physics might come up with a justification
of the statement in part b v using arguments involving properties of the
centre of mass.

There are similar statements in 3D involving vertices of a tetrahedron, A,
B, C and D, and corresponding weights ¢, B, yand é.

Can you find point P, ; on edge AB (defined in terms of A, B, ocand fB)
and similar points on the other edges of the tetrahedron so that the
line segments P, P, PPy and P, Py intersect?

If you connect this intersection point with the vertices of the tetrahedron,
where does this line intersect the opposite face of the tetrahedron?

19 There are other, more elegant, ways of proving the statement of part ¢ iv. For
example, the physics analogue using centres of mass can lead to an intuitive
justification. The following approach uses areas. On the diagram a, b, c, d, e
and f denote the areas of the corresponding triangle.

Using the notation of the diagram, b_AP . (Can you see why?)
Also, DHatS _ AP © e

"c+d+e PC

a+f AP ¢ R
Combining these t lities gives —— =—. b
ompining ese two equalities gives d+e PC

Can you write similar quotients and finish the proof for part c iv?

p

As you can see from this approach, the value of AP and Q—](; is not

important. The statement of part € iV is true for any ratios. C 0 B
There is an interesting generalisation of this claim if the three lines do not
meet in one point. If ﬂ =x, @ =y and BR =z, then the area of the
PC QB RA
triangle in the middle of the diagram can be expressed in terms of x, y, zas a
proportion of the area of the triangle ABC.

Using the notation from the second diagram, you can set up an
equation system for the unknown areas q, b, ¢, d, e, f and o. For example,

d+e+f+o BR i o i
—————— = ——=z. Can you write two other similar equations?
a+b+c RA
Another equation can be written for the ratio of the area a + f and the
total area of the triangle. This is not easy. Try to use the previous claim,
where the line segments meet at one point. If you are successful, you should
a+f

t
a+b+c+d+e+f+o

ge =1+y+— (or an equivalent form). Can you
x

write two other similar equations?

If we also assume that the area of ABC is 1, then we have
a+b+c+d+e+f+o=1.

Altogether this is a linear equation system in seven unknowns

with seven equations. For specific x, y and z ratios, you can use any
GDC to solve this system. For the general solution, you need some
powerful software with computer algebra capabilities. You should get

0= (1 _ XyZ)z ( al y )
(14 x + xy) A+ y + y2)(I+ 7 + 2x) or an equivalent torm).
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20 The symmetry of any quadratic curve is part of the syllabus. In this question
we proved that any cubic curve is symmetric about a point. It is natural to
investigate higher order polynomials.

Is there a quartic polynomial with a graph symmetric about a point? If you
think that the answer is yes, give an example. If you think that there is no
such quartic polynomial, give a convincing argument to justify this.

The graph of y = x* is symmetric about the y-axis. Are all quartic graphs
symmetric about a line?

If you think that the answer is yes, try to prove it.
If the answer is no, give a counter-example.

If the answer is no, can you find some conditions on a, b, ¢, d and e
iny=ax"+bx’ +cx* +dx+e so that the resulting graph is symmetric
about a line? Start with a condition such that the resulting graph is
symmetric about the y-axis.

Is there a quintic polynomial with a graph symmetric about a line? If you
think that the answer is yes, give an example. If you think that there is no
such quintic polynomial, give a convincing argument to justify this.

The graph of y = x° is symmetric about (0, 0). Are all quintic graphs
symmetric about a point?

If you think that the answer is yes, try to prove it.
If the answer is no, give a counter-example.

If the answer is no, can you find some conditions on a, b, ¢, d, e and
fin y=ax’ +bx* +cx’ +dx* +ex+f so that the resulting graph is
symmetric about a point? Start with a condition such that the resulting
graph is symmetric about the origin.

Another natural direction for an investigation is to look at symmetries of
surfaces that are graphs of two variable functions.

If the surface is the graph of a linear expression ¥ = Ax+By+ D, then the
graph is a plane and the question is not too interesting.

On the other hand, quadratic surfaces with equation z=Ax" + By’ +Cxy
have interesting shapes with some symmetries.

Draw some of these using a 3D graphing software package and find
symmetries.

What happens if we change the equation to
1=Ax"+By’ +Cxy+Dx+Ey+F?

21 All graphs in this exercise have the property that at (0, 0), the tangent line is
horizontal.

The graphs of f, :x+— x" have the same property for all n € Z*. In addition,
for all these functions, f,(0)=0 and f,(1)=1.

Graph f, on [0, 1] for some n and observe the behaviour around (0, 0).
Find the first ten derivatives of f1, [, ..., fio at x=0.
Do you see a pattern? Find ' (0) forall n, k e Z".

Now consider the following interesting function defined by f(x)=ee™"
for x#0 and f(0)=0.

Graph this function, and notice that it also has the property that

£(0)=0 and f(1)=1. -

Find f’(0) . Note that you need to use the limit definition of the
derivative to find this gradient.
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Find {" (0). For this, you will need f'(x) for x # 0 and the limit definition
of the derivative.
Find £ (0).
Can you find all derivatives of f at x = 0?
22 In this question, points A and B were moving, and points C and D were on
the line connecting them. In the following investigation, we fix points A and
B, and consider possible positions of point P satisfying certain conditions. The
solutions of these questions use elementary geometry. It is only relevant to the

geometry topic of the further mathematics syllabus, but still interesting enough
to be considered by others who miss the elementary geometry from the syllabus.

For fixed A and B:

Find the locus of the points P with the property AP = PB. If you don’t
know the answer, experiment with graphing software, for example,
Geogebra.

Find the locus of the points P with the property 2AP = PB.
Experimenting with graphing software is again helpful here.

Can you also find the locus if you change the condition to kAP = PB,
for different values of k?

Now fix the three points A, B and C.
Find point P with the property PA = PB = PC.
Can you find a point P, with property PA = 2PB = 3PC?
Is your method general enough to apply if the condition is changed to
PA = mPB = nPC for any m and n?

Here are some other interesting questions, although they are not closely
related to this exercise. The solutions are not easy. Think them through, or
try to look for the answers in books or online.

For fixed A, B, C, find the point P for which PA + PB + PC is as small
as possible.

For fixed A, B, C and D, find a system of line segments with minimal
total length that connects the points.

Can you do the same for five or more points?

23 In this question the points A, B, C and D were in a plane. You can investigate
what happens if we change the positions of these points so that they are not
coplanar.

In a planar case, the line segments PR, and S,Q, clearly intersect. When
the points are not coplanar, this is not automatic.

Can you show that PR, and S,Q, intersect even if A, B, C and D are
not coplanar? Can you see that the vector proof used in the question
works even in the non-planar case?

Now consider arbitrary points P, Q, R and S on sides AB, BC, CD and
DA respectively.

® [s it still true that PR and SQ always intersect?

e [f the answer to the previous question is no, then give a counter-
example, and try to find a condition on the position of the points P, Q,
R and S on sides AB, BC, CD and DA that guarantees that PR and
SQ do intersect.

Now consider points A(0, 0, 0), B(1, 0, 0), C(1, 1, 1) and D(0, 1, 0):

Can you find a two-variable function f(x, y) so that points A, B, C and
D are on the graph?

Can you find this function so that points P, and R, are also on the
graph!?
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Can you find this function so that not only these points, but also the
line segments AB, BC, CD, DA and PR, are on the graph?

Can you find this function so that in addition to these, the line
segments PR, QS and Q.S are also on the graph?

Can you find other line segments on the graph of the function you found?

If you are interested in physics, you can do some research into the
following question: What will be the form of the soap film suspended
on the wire frame ABCD? Will the graph of the function you found be
the shape of the soap film?

Can you answer the previous questions if you move the points around? First
change the zcoordinates, then you can try it with arbitrary points.

24 In the solution to this question, we used the fact that if we need to write f © f in
Ax+B (a*+bc) x+(ab+bd)
the form CxtiD’ and we already know that (f * f)(x) = (et do)xr(cbr d)’ then

we can choose A =a?+ bc, B=ab + bd, C = ac + dc and D = cb + d*. These are
certainly possible expressions for A, B, C and D, but are these the only ones?

Ax+B,  A)x+B,
Cx+D, Cyx+D,
where the denominator is not 0, can we conclude that

A =A,B =B,C =C,and D, =D,

From the equality , which holds for every x-value

If we can, prove it.

If we cannot, what is the correct conclusion we can draw from the
equality of the two quotients?

There are other families of functions where similar questions can be asked.
Can you think of families other than the ones listed here? If the answer

to any of these questions is yes, try to prove it. If the answer is no, try to
modify the family to get a ‘yes’.

If A B = A, B, %*forall x, does it follow that A = A, B, = B, and
C =Cp

IfA 10gBl Cx=A, logBz C,x for all positive x, does it follow that

A =A,B =B,andC =C;

If A cosx + B, sinx=A, cos x + B, sin x, does it follow that A = A,
and B, = B?

If A cosx + B, cos2x = A, cosx + B, cos2x, does it follow that A, = A,
and B, = B}?

If A sinx + B, sin2x + C, sin 3x = A, sin x + B, sin2x + C, sin 3x, does
it follow that A) = A, B, =B, and C, =C,?

IfAx*+Bx+C =Ax"+Bx+C,does it follow that A = A,, B, = B,
andC, =C)?

IfAx’ +Bx*+Cx+D, =Ax +Bx*+Cyx+D,, does it follow that
A =A,B =B,C =C,andD =D,

25 In part a of this question, some trigonometric identities were found. You have
already met some other trigonometric identities in the syllabus. We introduce
eX _ —X ex + e—x

here two other functions, defined by sinh x = and cosh x =

These are called the hyperbolic sine and hyperbolic cosine functions. These
are not periodic, but the properties are quite similar to the trigonometric
identities.

Can you find an identity involving the hyperbolic sine and cosine
functions, similar to sin*x + cos*x = 17

Suggest a definition for the hyperbolic tangent and secant functions.
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Find an identity connecting the hyperbolic tangent and secant.

Find identities involving hyperbolic functions, similar to the trigonometric
identities found in the IB Mathematics formula booklet.

Can you suggest a general rule of how to obtain identities involving
hyperbolic sine and cosine from the trigonometric identities?

x
Can you express sinh x and cosh x in terms of tanh E?

Find the derivatives of the hyperbolic functions. Can you see the
similarities to the derivatives of trigonometric functions?

Hyperbolic functions have a lot of useful applications. For example, it can be
shown that the shape of a hanging chain (with uniform weight distribution) is
the scaled version of the graph of the hyperbolic cosine function.

26 This exercise gives an expression for the sine and cosine value of the angles
15° and 75° involving only the four basic operations and the square root (and
integer numbers). We already know that the sine and cosine values of 30°,
45° and 60° also only involve these operations. What other acute angles have
similar trigonometric ratios?

This is closely related to the question: what acute angles can be
constructed with only a ruler and compass?

Can you construct the angles mentioned already?

Can you construct any other acute angle with integer degree measure?
This is not easy; the diagram of a regular pentagon might help.

Assume 1° cannot be constructed with a ruler and compass (this is true
but it is a difficult result to prove), and find all acute angles with integer
degree measure that can be constructed using a ruler and compass.

Pick any of the acute angles that you can construct with a ruler and
compass, and find the exact sine and cosine value of this angle.

27 The problem in this question is often referred to as the ‘problem of points’ or
the ‘unfinished game’. In our question we considered a game where the goal
was to reach five heads or tails and where the game ended after three heads
and four tails. Experiment with different numerical parameters and find out
how you would divide the money put in after the interruption.

Consider these games:

the goal is to reach 10 heads or tails; the game is interrupted after

8 heads and 9 tails

the goal is to reach 20 heads or tails; the game is interrupted after
18 heads and 19 tails

the goal is to reach 5 heads or tails; the game is interrupted after
3 heads and 3 tails

the goal is to reach 5 heads or tails; the game is interrupted after

3 heads and 2 tails

the goal is to reach 10 heads or tails; the game is interrupted after

8 heads and 7 tails

the goal is to reach 10 heads or tails; the game is interrupted after

7 heads and 5 tails
Try to find a method that is applicable to any such game.

28 This game can also be modified by changing the number of papers they start
with.

Consider the game with 5 papers, instead of the 4 in the question.

How should Martin play?
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What is the probability of Martin getting the largest number, if he plays
with the optimal strategy?

Can you answer these questions if they start with 6, 7 or 10 papers?

[s there a pattern? Can you answer the question if they start with
100 papers?

29 The properties of the sine and cosine functions proved in this question are
the foundations of an important area of mathematics, where the aim is to
approximate and investigate periodic functions.

Choose any periodic function, f, with period 2.

Find a,= ZL J-ﬂ f(x)dx. If f is simple, you might find this integral
T

algebraically, but a GDC or computer algebra software can find this
definite integral easily.

Find a,= 1 _[n f(x) cosxdx and b, = 1 J./T f(x) sinxdx.
7-[ =7 7—[ =T
Graph y = a + a, cosx + b, sinx. Is this graph close to the graph of f?

Find a, = 1 J.n f(x) cos2xdxand b, = 1 J.ﬂ f(x) sin2xdx.
v -

i
Graph y = a + a, cosx + b sinx + a, cos2x + b, sin 2x. s this a better

approximation of the graph of {2

Do you see the pattern? Continue calculating a;, b,, ... and graph better
and better approximations for the graph of f.

You might ask why you should calculate an approximation for a known
function. This is a valid point so, instead of choosing a periodic function,
continue now with drawing a curve over [-7, 71l and try to approximate this
curve using graphs of the form y = a + a, cosx +b,sinx + a, cos2x + b, sin2x...

The first problem is to find a,= ZL J‘ﬂ f(x)dx. Since f is unknown
o

now, we cannot use a GDC to find this integral directly. You will
need to approximate this integral, for example, using a division of the
interval [-m, 7].

Similarly, numerical integration can give you approximate values of a,,
b, a,b,, ... Calculate as many as you need so that the resulting graph
of y=a,+a cosx + b sinx + a, cos2x + b,sin2x ... is close enough to
the original curve.

30 The differential equation used in this question is a very simplified description
of a free fall. A more realistic model uses the square of the velocity instead of

the velocity: milll =mg— %pC AV’ where m is the mass of the body, g is the
t

gravitational acceleration, p is the air density, C, is the drag coefficient and
A is the cross sectional area of the falling body.

An example of a differential equation of this type is d—q: =10 - 0.4¢°,

The solutions, v(t), of this differential equation, like the solutions of the
one in the question, have horizontal asymptotes. The velocity of the
skydiver will approach a so-called terminal velocity. Draw a slope field
and find this terminal velocity.

Using technology, or by hand, find the general solution of this
differential equation.

Usually, a skydiver starts the jump with the parachute closed and then
opens it.

Do some research and find realistic values for g and p.

Find realistic values for C,. This drag coefficient will be different with the
parachute closed and open.
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Find a realistic value for A when the parachute is closed.

What is the terminal velocity of the skydiver with the parachute
closed?

How long does it take for the skydiver to reach close to this terminal
velocity?

Experiment with different A-values for the parachute.

Is there an optimal size? Is there a size which is too small to be safe?
How would you describe what safe is?

With a safe size of parachute, experiment with different jumping heights.

When should the skydiver open the parachute? Is there a time that is
too late?

What is the shortest time needed for the skydiver to safely reach the
ground?

Is there a height that is too low for a safe jump?
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Working on past paper questions is a good way to prepare for an exam. The tables
on the next pages allow you to find questions on specific papers from 2008-2014.
Remember that there are two types of paper. Calculator use is not allowed on
Paper 1 and you are expected to have access to a calculator with certain graphical
abilities on Paper 2. Since this guide is concentrating on the core content of the
syllabus, these tables don’t cover the option paper 3 of the HL exams.

TZ1 and TZ2 refer to the papers for the two timezones in the May exams.
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HL specimen
1.1 Sequences, sigma notation

P1

P2
2,1

1.2 Exponents, logarithms

1.3 Counting principles, binomial theorem

1.4 Proof by induction

12

1.5 Complex numbers, cartesian form

10

1.6 Complex numbers, polar form

10

1.7 de Moivre's theorem

1.8 Conjugate roots of real polynomials

1.9 Systems of linear equations

2.1 Functions

5,13

2.2 Graphs of functions

13

2.3 Graph transformations

2.4 Graphs of rational, exponential and logarithm functions

2.5 Polynomial functions, factor and remainder theorem

2.6 Quadratic and polynomial equations, Viete formulae

2.7 Inequalities

3.1 Radian measure, arc length, sector area

3.2 Trigonometric functions and identities, special angles

1,10, 12

3.3 Compound angle identities

1

3.4 Composite trigonometric functions

3.5 Inverse trigonometric functions

"

3.6 Trigonometric equations

3.7 Triangle trigonometry

4.1 Vectors, vector algebra

4.2 Scalar product

4.3 Equation of a line

10

4.4 Relative position of lines in 2D and 3D

10

4.5 Vector product

10,13

4.6 Equation of a plane

10

4.7 Relative position of planes and lines

5.1 Descriptive statistics

5.2 Elementary probability

5.3 Combined events, mutually exclusive events

5.4 Conditional probability, independent events

12

5.5 General probability distributions

5.6 Binomial distribution, Poisson distribution

12

5.7 Normal distribution

12

6.1 Limit, continuity, derivative, tangent, normal

13

13

6.2 Rules of differentiation, related rates, implicit differentiation

9,12

9,13

6.3 Graph properties, optimisation

4,59

6.4 Indefinite integrals

"

6.5 Definite integrals, area, volume

4,1

Ul

6.6 Kinematics and similar rates of change problems

6.7 Integration techniques (substitution, by parts)
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HL 2014 May L\ EYY May [\ EYY

P1TZ1 P2 TZ1 P1TZ2 P2 TZ2
1.1 Sequences, sigma notation 13 12 9 1,6 7,9
1.2 Exponents, logarithms 3, N 2,13 "
1.3 Counting principles, binomial theorem 3,8 5 10
1.4 Proof by induction 7 13 8
1.5 Complex numbers, cartesian form 13 7 13
1.6 Complex numbers, polar form 13 7 13 13
1.7 de Moivre's theorem 13 13
1.8 Conjugate roots of real polynomials 1 13 13
1.9 Systems of linear equations 4 3
2.1 Functions 12 14 7 1
2.2 Graphs of functions 6 5,10, 12 5,13 3,714 N
2.3 Graph transformations 12 8
2.4 Graphs of rational, exponential and logarithm functions 7 1
2.5 Polynomial functions, factor and remainder theorem 1 13 6
2.6 Quadratic and polynomial equations, Viete formulae 4 4 2
2.7 Inequalities 6 6
3.1 Radian measure, arc length, sector area 4
3.2 Trigonometric functions and identities, special angles 9,12 5910 13 14
3.3 Compound angle identities 5,10 9 13
3.4 Composite trigonometric functions 5
3.5 Inverse trigonometric functions 9 9,13,14
3.6 Trigonometric equations 10
3.7 Triangle trigonometry 7 4,12, 13 9,10
4.1 Vectors, vector algebra 12 6 3,12
4.2 Scalar product 12 6
4.3 Equation of a line 12 12 5
4.4 Relative position of lines in 2D and 3D 12
4.5 Vector product 12
4.6 Equation of a plane 12 12 5
4.7 Relative position of planes and lines 12 3,12 1,5
5.1 Descriptive statistics 2 2 2 9 3
5.2 Elementary probability 89 " 6 12
5.3 Combined events, mutually exclusive events 1
5.4 Conditional probability, independent events 1,1 1 4
5.5 General probability distributions " n N
5.6 Binomial distribution, Poisson distribution 9 2,8 1
5.7 Normal distribution 2 2 2
6.1 Limit, continuity, derivative, tangent, normal " 10 8 10
6.2 Rules of differentiation, related rates, implicit
differentiation 8,9 1 10 13,14 9,10,12,14 7 4
6.3 Graph properties, optimisation 6, 11 13 12 3,51 4,10
6.4 Indefinite integrals 51 6 13, 14 1
6.5 Definite integrals, area, volume 5,6, 11 5 13 3, 1 N 13
6.6 Kinematics and similar rates of change problems 14 8,13
6.7 Integration techniques (substitution, by parts) 5 11 10, 13 1,14 6, 11,13
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HL 2013 May May \EV May Nov Nov
P1TZ1 P2 TZ1 P1TZ2 P2 TZ2 P1 P2

1.1 Sequences, sigma notation 8 6 5 1 7 2

1.2 Exponents, logarithms 8 9 3,9

1.3 Counting principles, binomial theorem 13 8 3 " 12

1.4 Proof by induction 8 6

1.5 Complex numbers, cartesian form 7 6

1.6 Complex numbers, polar form 1 13

1.7 de Moivre's theorem 1 13 12

1.8 Conjugate roots of real polynomials 6 13

1.9 Systems of linear equations 2 "

2.1 Functions 13 12 3 13

2.2 Graphs of functions 12 6,12 12 7,13 3,10 3,8, 12

2.3 Graph transformations 12 10

2.4 Graphs of rational, exponential and logarithm functions 12

2.5 Polynomial functions, factor and remainder theorem 1,12 6 1

2.6 Quadratic and polynomial equations, Viete formulae " 9 9 6 5 7

2.7 Inequalities 13 9 5 11 2,3

3.1 Radian measure, arc length, sector area 5 1 8

3.2 Trigonometric functions and identities, special angles 10, 11 6 8, 12

3.3 Compound angle identities 1,12 10, 13 8

3.4 Composite trigonometric functions

3.5 Inverse trigonometric functions 12 4 10

3.6 Trigonometric equations 7 6 7

3.7 Triangle trigonometry 1A 13

4.1 Vectors, vector algebra

4.2 Scalar product n N 7

4.3 Equation of a line n " n

4.4 Relative position of lines in 2D and 3D N

4.5 Vector product 2 ik "

4.6 Equation of a plane " n

4.7 Relative position of planes and lines M

5.1 Descriptive statistics 1

5.2 Elementary probability 13 10 4 5

5.3 Combined events, mutually exclusive events 9

5.4 Conditional probability, independent events 9 5

5.5 General probability distributions 4,13 7 2 A

5.6 Binomial distribution, Poisson distribution 13 3,10 9, 11 "

5.7 Normal distribution 3 3 4

6.1 Limit, continuity, derivative, tangent, normal 7 13 5 13
6.2 Rules of differentiation, related rates, implicit differentiation |5, 7, 13 13 5,8 13 5,10 13
6.3 Graph properties, optimisation 7,12 7,12 13 10 3,12
6.4 Indefinite integrals 10, 12 1 4 10, 12
6.5 Definite integrals, area, volume 4,10,12 |4 1 4,7 10, 12 11,12,13
6.6 Kinematics and similar rates of change problems 12 10 12
6.7 Integration techniques (substitution, by parts) 4,12 4 10 10
Not in the core syllabus from 2014 3,6 2 4 1

Not in the core syllabus from 2014, but can be reworded 12(e, f) 2,10 12(b)(iii)

Not in the core syllabus from 2014, but in the calculus option 12
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HL 2012 May May May May Nov Nov
P1TZ1 P2 TZ1 P1TZ2 P2 TZ2 P1 P2

1.1 Sequences, sigma notation 1 1,8 1,5

1.2 Exponents, logarithms 6,8

1.3 Counting principles, binomial theorem 3,9 4 4 2

1.4 Proof by induction 13 12

1.5 Complex numbers, cartesian form 7 6,12 10

1.6 Complex numbers, polar form 3 12 10 10

1.7 de Moivre's theorem 3 10

1.8 Conjugate roots of real polynomials 12

1.9 Systems of linear equations " 6

2.1 Functions " 12

2.2 Graphs of functions 2 10 7.10 6 3 9,12

2.3 Graph transformations 4 6 3,12

2.4 Graphs of rational, exponential and logarithm functions |4

2.5 Polynomial functions, factor and remainder theorem 1,12 3

2.6 Quadratic and polynomial equations, Viete formulae 1 2

2.7 Inequalities

3.1 Radian measure, arc length, sector area 9

3.2 Trigonometric functions and identities, special angles 5 9,10 1,7 10
3.3 Compound angle identities 5 2,9 1,8 10
3.4 Composite trigonometric functions

3.5 Inverse trigonometric functions 12

3.6 Trigonometric equations 10 2

3.7 Triangle trigonometry 10 3,9 7 12

4.1 Vectors, vector algebra

4.2 Scalar product 13 2

4.3 Equation of a line 13 1 9 13
4.4 Relative position of lines in 2D and 3D 9, 11c 13
4.5 Vector product

4.6 Equation of a plane 13 1 6 13
4.7 Relative position of planes and lines 4 1 13
5.1 Descriptive statistics 5 4
5.2 Elementary probability 3 3

5.3 Combined events, mutually exclusive events

5.4 Conditional probability, independent events 12 3 7
5.5 General probability distributions 2 1 7 5

5.6 Binomial distribution, Poisson distribution 7,12 2,5 "
5.7 Normal distribution 12 10 1
6.1 Limit, continuity, derivative, tangent, normal 2,9 n 13 6 8

6.2 Rules of differentiation, related rates, implicit differentiation |6, 9, 12 n 13 8 6,12
6.3 Graph properties, optimisation 12 1,10, 1 7,8 4 12
6.4 Indefinite integrals 12 8 10 8
6.5 Definite integrals, area, volume 2,6 2,8 10 9
6.6 Kinematics and similar rates of change problems 6
6.7 Integration techniques (substitution, by parts) 12 10 8
Not in the core syllabus from 2014 " 5 Ma, b 3
Not in the core syllabus from 2014, but can be reworded 12

Not in the core syllabus from 2014, but in the calculus option
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HL 2011 [\ EVY L\ EVY L\ EVY [\ EVY Nov Nov
P1TZ1 P2 TZ1 P1TZ2 P2 TZ2 P1 P2

1.1 Sequences, sigma notation 3 10 2 7,12,14

1.2 Exponents, logarithms 9 8 8

1.3 Counting principles, binomial theorem 13

1.4 Proof by induction 13A 6

1.5 Complex numbers, cartesian form 2,13 4 10

1.6 Complex numbers, polar form 13 12a, b 2 6,14

1.7 de Moivre's theorem 13 12a, b

1.8 Conjugate roots of real polynomials

1.9 Systems of linear equations 1 2

2.1 Functions 8,10, 12 8 7 9 8

2.2 Graphs of functions 8,10,12 |2

2.3 Graph transformations 10 1,13

2.4 Graphs of rational, exponential and logarithm functions

2.5 Polynomial functions, factor and remainder theorem 13 4 1

2.6 Quadratic and polynomial equations, Viete formulae 58,9 9 10

2.7 Inequalities 12 8 9 7

3.1 Radian measure, arc length, sector area 6 7 1 1,8

3.2 Trigonometric functions and identities, special angles 5,13 13 4,8,10,12 |4,14

3.3 Compound angle identities 5 13 4

3.4 Composite trigonometric functions

3.5 Inverse trigonometric functions 7 13 7 4

3.6 Trigonometric equations 13 13 4

3.7 Triangle trigonometry 3,6 4,7 8 8

4.1 Vectors, vector algebra 4 6 N 12

4.2 Scalar product 4 6 12

4.3 Equation of a line N 10, 1 N 13

4.4 Relative position of lines in 2D and 3D

4.5 Vector product 1 12

4.6 Equation of a plane 1 n 1 13

4.7 Relative position of planes and lines 11 1A 11 13

5.1 Descriptive statistics 1

5.2 Elementary probability 6 9 12 3,5

5.3 Combined events, mutually exclusive events 1

5.4 Conditional probability, independent events 1,6 12 9 6 3 1

5.5 General probability distributions 7 3 12 5,10

5.6 Binomial distribution, Poisson distribution 12 6,12 3,5

5.7 Normal distribution 12 6 ik

6.1 Limit, continuity, derivative, tangent, normal 9 1 7,10

6.2 Rules of differentiation, related rates, implicit differentiation |9, 12 n 3,9, 10 6,8 1 9

6.3 Graph properties, optimisation 12 2 8 11

6.4 Indefinite integrals 7,8 3,13 4,10

6.5 Definite integrals, area, volume 7 7, 14a 3,13 3 4,7,10 1

6.6 Kinematics and similar rates of change problems 8 3

6.7 Integration techniques (substitution, by parts) 7 13 13Ba 10

Not in the core syllabus from 2014 13 2,12¢,d 4

Not in the core syllabus from 2014, but can be reworded 14b, ¢

Not in the core syllabus from 2014, but in the calculus option 13Bb, ¢ 13
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HL 2010 May May May May Nov Nov
P1TZ1 P2 T21 P1TZ2 P2 TZ2 P1 P2

1.1 Sequences, sigma notation 6 1,13 56

1.2 Exponents, logarithms 4 4 13 5,13

1.3 Counting principles, binomial theorem 7 8 3

1.4 Proof by induction 13 N 12b

1.5 Complex numbers, cartesian form 4 9 A

1.6 Complex numbers, polar form 4 13 9 1

1.7 de Moivre's theorem 4 13

1.8 Conjugate roots of real polynomials 6

1.9 Systems of linear equations 2 7

2.1 Functions 2 9 10 14 9

2.2 Graphs of functions 2,51 10 N 8,10,13

2.3 Graph transformations 2

2.4 Graphs of rational, exponential and logarithm functions 5

2.5 Polynomial functions, factor and remainder theorem 1 2 8 6

2.6 Quadratic and polynomial equations, Viete formulae

2.7 Inequalities 9 8 N 1,9

3.1 Radian measure, arc length, sector area 13

3.2 Trigonometric functions and identities, special angles 4 6, 14b 9 1

3.3 Compound angle identities 13 6

3.4 Composite trigonometric functions 1

3.5 Inverse trigonometric functions 9 9

3.6 Trigonometric equations 13 13 6 9

3.7 Triangle trigonometry 3, 13ab 5

4.1 Vectors, vector algebra 6 3 10 12

4.2 Scalar product 3,6 n 12 7,10 9

4.3 Equation of a line 7

4.4 Relative position of lines in 2D and 3D

4.5 Vector product n 12 9,12

4.6 Equation of a plane 3 " 12 7 12

4.7 Relative position of planes and lines " 12 7 7 12

5.1 Descriptive statistics 10 8 12

5.2 Elementary probability 7 4 "

5.3 Combined events, mutually exclusive events

5.4 Conditional probability, independent events 12 12 4 n

5.5 General probability distributions 12 1 2 N

5.6 Binomial distribution, Poisson distribution 12 4

5.7 Normal distribution 8 3

6.1 Limit, continuity, derivative, tangent, normal 8 13 4,10

6.2 Rules of differentiation, related rates, implicit differentiation | 11 7,8 10, 14 12,13 14,13

6.3 Graph properties, optimisation n 13c 7 14 13

6.4 Indefinite integrals 8,9, 12 9, 14b

6.5 Definite integrals, area, volume 8, 12 10 1,9, 14b |1 13 13

6.6 Kinematics and similar rates of change problems 14 14 12a

6.7 Integration techniques (substitution, by parts) 8,9 9, 14b 13

Not in the core syllabus from 2014 5 5 12bii 2

Not in the core syllabus from 2014, but can be reworded 2

Not in the core syllabus from 2014, but in the calculus option 14a 8
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HL 2009 May May May May Nov Nov
P1TZ1 | P2Tz1 P1TZ2 P2 TZ2 P1 P2

1.1 Sequences, sigma notation 13 1 13
3,712,

1.2 Exponents, logarithms 13A 4 13 4,10, 12

1.3 Counting principles, binomial theorem 10 12 4

1.4 Proof by induction 8 "

1.5 Complex numbers, cartesian form 1 13 7

1.6 Complex numbers, polar form 13A 7,12 2,13

1.7 de Moivre's theorem 12 2,13

1.8 Conjugate roots of real polynomials 2 7 7

1.9 Systems of linear equations 7 7

2.1 Functions n 1 4 9,10

2.2 Graphs of functions 9 12 1 12,13 9 1,3,9

2.3 Graph transformations 4 5 9

2.4 Graphs of rational, exponential and logarithm functions 4,13 12

2.5 Polynomial functions, factor and remainder theorem 10 1,7 1 7

2.6 Quadratic and polynomial equations, Viete formulae 7

2.7 Inequalities 3 9

3.1 Radian measure, arc length, sector area 6 3

3.2 Trigonometric functions and identities, special angles 2,511 |12 9,12

3.3 Compound angle identities 5 13

3.4 Composite trigonometric functions 2

3.5 Inverse trigonometric functions 5 1 9 3,912 4

3.6 Trigonometric equations 2 13

3.7 Triangle trigonometry 9 12 12

4.1 Vectors, vector algebra 8 1

4.2 Scalar product 5

4.3 Equation of a line 5 11 10 2 2,1

4.4 Relative position of lines in 2D and 3D 10 2 "

4.5 Vector product 8 10

4.6 Equation of a plane 7.1 10 2,1

4.7 Relative position of planes and lines 7,11 10 2

5.1 Descriptive statistics 12 1 2

5.2 Elementary probability 1,5 6 13

5.3 Combined events, mutually exclusive events 1

5.4 Conditional probability, independent events 1,5 6 6

5.5 General probability distributions 3 5,13

5.6 Binomial distribution, Poisson distribution 4 "

5.7 Normal distribution 1 1 6

6.1 Limit, continuity, derivative, tangent, normal 7,13B 12 5 11 3,13 12 8

6.2 Rules of differentiation, related rates, implicit differentiation |7, 11 3,9 5,11 3,7,10,13 |12 8,10, 12

6.3 Graph properties, optimisation 1" 11,12 7,12,13 9 9,10

6.4 Indefinite integrals 6, 12 3,4,11,12 |9 7,10

6.5 Definite integrals, area, volume 9 6,12 3,4,5,11,12 7,10 5

6.6 Kinematics and similar rates of change problems

6.7 Integration techniques (substitution, by parts) 6, 12 9 7,10

Not in the core syllabus from 2014 4 10 6 3

Not in the core syllabus from 2014, but can be reworded 13B 8

Not in the core syllabus from 2014, but in the calculus option 8 8
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HL 2008 May May May May Nov Nov
P1TZ1 P2 TZ1 P1TZ2 | P2TZ2 P1 P2

1.1 Sequences, sigma notation 3,7 12 2

1.2 Exponents, logarithms 7,8 2,5 8,9

1.3 Counting principles, binomial theorem 1 "

1.4 Proof by induction 12 12

1.5 Complex numbers, cartesian form 1 10 14 9 13

1.6 Complex numbers, polar form 1 14 14 13

1.7 de Moivre's theorem 1 14 14 13

1.8 Conjugate roots of real polynomials

1.9 Systems of linear equations 5 5

2.1 Functions 8 4 12

2.2 Graphs of functions 9 3,8 1 6, 12

2.3 Graph transformations

2.4 Graphs of rational, exponential and logarithm functions 9

2.5 Polynomial functions, factor and remainder theorem 2 1

2.6 Quadratic and polynomial equations, Viete formulae 6 4

2.7 Inequalities 10

3.1 Radian measure, arc length, sector area

3.2 Trigonometric functions and identities, special angles 10 6, 14 " 12

3.3 Compound angle identities 4,9 10 3 13 "

3.4 Composite trigonometric functions 2 2 "

3.5 Inverse trigonometric functions 7 8,9 13 7 12

3.6 Trigonometric equations 4,9 7 "

3.7 Triangle trigonometry 4 12 5 9 1

4.1 Vectors, vector algebra " 1 10

4.2 Scalar product 10, 11 10 4

4.3 Equation of a line n 3,5 1 10

4.4 Relative position of lines in 2D and 3D 1 10

4.5 Vector product n 10

4.6 Equation of a plane n 1 5,10

4.7 Relative position of planes and lines n 3,5 5,10

5.1 Descriptive statistics 9 1,4 3

5.2 Elementary probability 8 8 N

5.3 Combined events, mutually exclusive events 7

5.4 Conditional probability, independent events 8 7 7,1

5.5 General probability distributions 9 1 4 8 3

5.6 Binomial distribution, Poisson distribution " 7.1 7.1

5.7 Normal distribution 4 " "

6.1 Limit, continuity, derivative, tangent, normal 6,13 58 6

6.2 Rules of differentiation, related rates, implicit differentiation |5, 12, 13a 6,13 5813 |6 6,7,9,11 8,12

6.3 Graph properties, optimisation 5,12 13 13 4,6 9,1 12

6.4 Indefinite integrals 6,9, 10 9 6 5 9

6.5 Definite integrals, area, volume 6,9,10 6 3.4 5 3,12

6.6 Kinematics and similar rates of change problems 13b 13 9

6.7 Integration techniques (substitution, by parts) 10 9 6 5

Not in the core syllabus from 2014 2 12 12

Not in the core syllabus from 2014, but can be reworded 13b 13

Not in the core syllabus from 2014, but in the calculus option
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SL specimen

1.1 Sequences, sigma notation

P1

P2

1.2 Exponents, logarithms

1.3 Binomial theorem, binomial coefficients

2.1 Functions 9,10
2.2 Graphs of functions 3,8 2,9
2.3 Graph transformations 8

2.4 Quadratic functions 8

2.5 Reciprocal function, rational functions 9

2.6 Exponential and logarithmic functions

2.7 Solving equations 8 2,7,10
2.8 Applications to real life situations 10

3.1 Radian measure, arc length, sector area 7
3.2 Trigonometric ratios, special angles 6

3.3 Trigonometric identities 56

3.4 Trigonometric functions, composite functions, applications 10

3.5 Trigonometric equations 6

3.6 Solution of triangles, applications 6

5.1 Presentation of statistical data

4.1 Vectors, vector algebra 1

4.2 Scalar product 4
4.3 Equation of a line 4
4.4 Relative position of lines in 2D and 3D 4

5.2 Statistical measures

5.3 Cumulative frequency

5.4 Linear correlation of bivariate data

5.5 Elementary probability

5.6 Combined events, conditional probability, independence

5.7 Discrete random variable

o o | v N

5.8 Binomial distribution

5.9 Normal distribution

6.1 Limit, derivative, tangent, normal 3 2
6.2 Rules of differentiation, higher derivatives 7,10

6.3 Graph properties, optimisation 10

6.4 Indefinite integrals 5

6.5 Definite integrals, area, volume 9
6.6 Kinematics problems 3
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SL 2014 May May May May Nov Nov
P1Tz1 P2 TZ1 P1TZ2 P2 TZ2 P1 P2

1.1 Sequences, sigma notation 2,10 7

1.2 Exponents, logarithms 4 2,10 4

1.3 Binomial theorem, binomial coefficients 2 7 6

‘

2.1 Functions 3

2.2 Graphs of functions 9,10 3 9 59 4

2.3 Graph transformations 8 9

2.4 Quadratic functions 1,7 8 2

2.5 Reciprocal function, rational functions 10 5

2.6 Exponential and logarithmic functions 8

2.7 Solving equations 4,7,8,10 |9 8,9,10 6,8 1,4,9,10 [1,4,9
2.8 Applications to real life situations 8

3.1 Radian measure, arc length, sector area 1 3

3.2 Trigonometric ratios, special angles 6 1,5

3.3 Trigonometric identities 1 7

3.4 Trigonometric functions, composite functions, applications 5,9 6 5

3.5 Trigonometric equations 6

3.6 Solution of triangles, applications 1 5 7
- [ [ [ [ ]

4.1 Vectors, vector algebra 8 4

4.2 Scalar product 4 9 7

4.3 Equation of a line 8 4,9 10

4.4 Relative position of lines in 2D and 3D 8 9

5.1 Presentation of statistical data

5.2 Statistical measures 8 8

5.3 Cumulative frequency 8 8

5.4 Linear correlation of bivariate data 3 3 2

5.5 Elementary probability 5.9 4,10 8 8,10

5.6 Combined events, conditional probability, independence 9 4,10 8 8,10

5.7 Discrete random variable 3

5.8 Binomial distribution 8 10 8

5.9 Normal distribution 8 10 10
- [ 1 [ [ 1T ]

6.1 Limit, derivative, tangent, normal 57

6.2 Rules of differentiation, higher derivatives 7 7 10

6.3 Graph properties, optimisation 6

6.4 Indefinite integrals 3,6 5,10

6.5 Definite integrals, area, volume 3,6 6 5,10 2,9 6,9 4,7

6.6 Kinematics problems 6 9 7




108 Past IB questions reference charts

SL 2013 May May May May Nov Nov
P1TZ1 P2 TZ1 P1TZ2 P2 TZ2 P1 P2

1.1 Sequences, sigma notation 1 5 9

1.2 Exponents, logarithms 7,10 3 10

1.3 Binomial theorem, binomial coefficients 3 6
- r 11 [ [T 1}
2.1 Functions 5 9 1 8

2.2 Graphs of functions 5,910 4 8,10 5,7

2.3 Graph transformations 6 4,5

2.4 Quadratic functions 2 9 2

2.5 Reciprocal function, rational functions 8

2.6 Exponential and logarithmic functions 6 5

4,5,7,8,
2.7 Solving equations 8 59,10 10 7,910 2,5,910

2.8 Applications to real life situations

3.1 Radian measure, arc length, sector area 8 7 7 8

3.2 Trigonometric ratios, special angles 7 5

3.3 Trigonometric identities

3.4 Trigonometric functions, composite functions, applications 10 5 5

3.5 Trigonometric equations

3.6 Solution of triangles, applications 8 3 8

4.1 Vectors, vector algebra 1,8 8 1

4.2 Scalar product 8 8 9

4.3 Equation of a line 8 4 9

4.4 Relative position of lines in 2D and 3D 8 4 9
[N (N A N N NN

5.1 Presentation of statistical data 2 8

5.2 Statistical measures 2,7

5.3 Cumulative frequency 2 8 3

5.4 Linear correlation of bivariate data

5.5 Elementary probability 9 10 8 9 10
5.6 Combined events, conditional probability, independence 9 9 4,10
5.7 Discrete random variable 9 9

5.8 Binomial distribution 9 10
5.9 Normal distribution 7 2 6

6.1 Limit, derivative, tangent, normal 3 9,10 10 6 7
6.2 Rules of differentiation, higher derivatives 3,10 9 9,10 10 6,10 3
6.3 Graph properties, optimisation 10 9 10 10 10 57
6.4 Indefinite integrals 6 6 10 3
6.5 Definite integrals, area, volume 6 5 6,7 10 4,10 2,5

6.6 Kinematics problems 5 6 5

Not in the syllabus from 2014
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SL 2012 May May May May Nov Nov
P1Tz1 P2 TZ1 P1TZ2 P2 TZ2 P1 P2

1.1 Sequences, sigma notation 1 3 1

1.2 Exponents, logarithms 6 10

1.3 Binomial theorem, binomial coefficients 6 7 4

2.1 Functions 9 2 9

2.2 Graphs of functions 7,9 10 10 2,10 3,7
2.3 Graph transformations 7 5 9

2.4 Quadratic functions 2 8 9

2.5 Reciprocal function, rational functions

2.6 Exponential and logarithmic functions 3,9

2.7 Solving equations 8,9 2,4,9 6 3,910 7,10 3,4,9

2.8 Applications to real life situations

3.1 Radian measure, arc length, sector area 9 10 8

3.2 Trigonometric ratios, special angles 5

3.3 Trigonometric identities 7 5

3.4 Trigonometric functions, composite functions, applications |5 3 5

3.5 Trigonometric equations 10

3.6 Solution of triangles, applications 9,10 1,10 8
- [ [ [ [ ]

4.1 Vectors, vector algebra 8 9

4.2 Scalar product 8 8 9

4.3 Equation of a line 8 8 6

4.4 Relative position of lines in 2D and 3D 8 6
- 1 1 T 1T ]

5.1 Presentation of statistical data 1 8 8

5.2 Statistical measures 1 8 1 8

5.3 Cumulative frequency 1 1 8

5.4 Linear correlation of bivariate data

5.5 Elementary probability 4 7,8 9 7 10

5.6 Combined events, conditional probability, independence 4 9 7 10

5.7 Discrete random variable 4 2

5.8 Binomial distribution 7 7

5.9 Normal distribution 8 4 6
- 1 1 T 1T ]

6.1 Limit, derivative, tangent, normal 3 3 4 3

6.2 Rules of differentiation, higher derivatives 3,10 10 2,9 4,10 7

6.3 Graph properties, optimisation 10 3,10 9 7

6.4 Indefinite integrals 6 8 3

6.5 Definite integrals, area, volume 6,10 4 8 5 3 9

6.6 Kinematics problems 10 5 10 7

Not in the syllabus from 2014 2 3,5 6 1 2




110 Past IB questions reference charts

SL 2011

May

P1Tz1

May
P2 TZ1

May
P1TZ2

May
P2 TZ2

Nov

P1

1.1 Sequences, sigma notation 3 1 8
1.2 Exponents, logarithms 5 10 5 10 10
1.3 Binomial theorem, binomial coefficients 3 5

2.1 Functions 1 10 1 1

2.2 Graphs of functions 7 6,8, 10 2,10 6,10
2.3 Graph transformations 2 5 10 7
2.4 Quadratic functions 7 2 9 1

2.5 Reciprocal function, rational functions

2.6 Exponential and logarithmic functions 6
2.7 Solving equations 5,7 8,9 2,8,10 578 6,8

2.8 Applications to real life situations

3.1 Radian measure, arc length, sector area 3
3.2 Trigonometric ratios, special angles 6,10 6

3.3 Trigonometric identities 6 6

3.4 Trigonometric functions, composite functions, applications 8 10 10 9

3.5 Trigonometric equations 6 10

3.6 Solution of triangles, applications 1 5,10 4

4.4 Relative position of lines in 2D and 3D

4.1 Vectors, vector algebra 2,9 3 8 8
4.2 Scalar product 9 3 8 8
4.3 Equation of a line 2 8 8

8 8

5.1 Presentation of statistical data 6

5.2 Statistical measures 6 2
5.3 Cumulative frequency 6 2
5.4 Linear correlation of bivariate data

5.5 Elementary probability 8 7 2 9 3,7

5.6 Combined events, conditional probability, independence 8 9
5.7 Discrete random variable 4 9 5

5.8 Binomial distribution 5 9 9
5.9 Normal distribution 4 6 9

6.1 Limit, derivative, tangent, normal 8 9,10

6.2 Rules of differentiation, higher derivatives 5,10 8,9 4,89 9 10
6.3 Graph properties, optimisation 5,10 9 9 10
6.4 Indefinite integrals 8 7 4,10

6.5 Definite integrals, area, volume 10 6 8 7 4,10 7
6.6 Kinematics problems 10 9 7
Not in the syllabus from 2014 3 7 4 2
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SL 2010 May May May May Nov Nov
P1TZ1 P2 TZ1 P1TZ2 P2 TZ2 P1 P2

1.1 Sequences, sigma notation 2 2 1 3

1.2 Exponents, logarithms 7 6 8

1.3 Binomial theorem, binomial coefficients 3 4
N A NN N

2.1 Functions 7 4 9

2.2 Graphs of functions 3 7 5,6, 10 10 2,5,8

2.3 Graph transformations 8 10

2.4 Quadratic functions 1 1

2.5 Reciprocal function, rational functions

2.6 Exponential and logarithmic functions 9 7

2.7 Solving equations 1,8, 10 5789 |6 5910 59 517910

2.8 Applications to real life situations 7
e Y N AN NN

3.1 Radian measure, arc length, sector area 8 3

3.2 Trigonometric ratios, special angles 4,9 4 2 10

3.3 Trigonometric identities 4 4,10 5

3.4 Trigonometric functions, composite functions, applications 5 10 10

3.5 Trigonometric equations 10 5

3.6 Solution of triangles, applications 8 8 6
| N N EN BN B

4.1 Vectors, vector algebra 10 2 8

4.2 Scalar product 10 2 9 8 4

4.3 Equation of a line 10 9 8

4.4 Relative position of lines in 2D and 3D 10 8
- 0 v 7 ]

5.1 Presentation of statistical data 4 1 1

5.2 Statistical measures 4 1 1

5.3 Cumulative frequency 1

5.4 Linear correlation of bivariate data

5.5 Elementary probability 5 10 9 3 4 9

5.6 Combined events, conditional probability, independence 5 10 9

5.7 Discrete random variable 9 9

5.8 Binomial distribution 7 3 9

5.9 Normal distribution 10
-0 [ [ ]

6.1 Limit, derivative, tangent, normal 5 2,9,10

6.2 Rules of differentiation, higher derivatives 8,9 3,9 5 7,10 2,10 7

6.3 Graph properties, optimisation 8,9 9 7,8 10 7

6.4 Indefinite integrals 6 6 8,10 6,10

6.5 Definite integrals, area, volume 6 6 8,10 6 6, 10 2,8

6.6 Kinematics problems 6 2

Not in the syllabus from 2014 2 1 3 7




112 Past IB questions reference charts

SL 2009 [\ EYY May May May Nov Nov
P1Tz1 P2 TZ1 P1TZ2 | P2TZ2 P1 P2

1.1 Sequences, sigma notation 1,6 5 1

1.2 Exponents, logarithms 6,10 4 6 1,7

1.3 Binomial theorem, binomial coefficients 10 3

2.1 Functions 6 3 1 1,7,9

2.2 Graphs of functions 10 10 9 59
2.3 Graph transformations 5,10 2 4

2.4 Quadratic functions 9

2.5 Reciprocal function, rational functions

2.6 Exponential and logarithmic functions

2.7 Solving equations 6,7 56,10 [7,10,11 |3,7,8,10 |2,5 1,59
2.8 Applications to real life situations 7

3.1 Radian measure, arc length, sector area 2 8
3.2 Trigonometric ratios, special angles 3,8,9 7.8 6
3.3 Trigonometric identities 8,9 6
3.4 Trigonometric functions, composite functions, applications 3 10 9
3.5 Trigonometric equations 7 6

3.6 Solution of triangles, applications

|

4.1 Vectors, vector algebra 10 2 10
4.2 Scalar product 2 2 10
4.3 Equation of a line 5 10 10
4.4 Relative position of lines in 2D and 3D 5 10

5.1 Presentation of statistical data 8 1

5.2 Statistical measures 8 1

5.3 Cumulative frequency 8

5.4 Linear correlation of bivariate data

5.5 Elementary probability 2 7 9 8

5.6 Combined events, conditional probability, independence 2 7 8 6
5.7 Discrete random variable 8 9

5.8 Binomial distribution 9 3
5.9 Normal distribution 4 9 3

6.1 Limit, derivative, tangent, normal 3 10 6 10 5
6.2 Rules of differentiation, higher derivatives 3,8 6,8 6,10 5910 (2,5
6.3 Graph properties, optimisation 4,8,10 |10 6 10 9

6.4 Indefinite integrals 7 " 8 10

6.5 Definite integrals, area, volume 7,10 " 8 10 9
6.6 Kinematics problems 4 1

Not in the syllabus from 2014 1 9 5 4
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SL 2008 L\ EYY L\ EYY L\ EYY May Nov Nov
P1TZ1 P2 TZ21 P1TZ2 P2 TZ2 P1 P2

1.1 Sequences, sigma notation 3 1,10

1.2 Exponents, logarithms 57 4

1.3 Binomial theorem, binomial coefficients

2.1 Functions 7 4

2.2 Graphs of functions 9 4 3,89 4,10 |4
2.3 Graph transformations 9 5 10

2.4 Quadratic functions 9 2 1
2.5 Reciprocal function, rational functions

2.6 Exponential and logarithmic functions 4

2.7 Solving equations 4,8,9 4,8,10 2 3,4,7,9,10 4,9
2.8 Applications to real life situations 8,10

3.1 Radian measure, arc length, sector area 3 10

3.2 Trigonometric ratios, special angles 4,10

3.3 Trigonometric identities 2 4 7

3.4 Trigonometric functions, composite functions, applications 4 9 8 10

3.5 Trigonometric equations 9

3.6 Solution of triangles, applications 2 10 6

4.1 Vectors, vector algebra 7.9 8 2 8
4.2 Scalar product 7,9 8 8
4.3 Equation of a line 9 7 2

4.4 Relative position of lines in 2D and 3D 7

5.1 Presentation of statistical data 1 1 3
5.2 Statistical measures 1 1 3
5.3 Cumulative frequency 1 3
5.4 Linear correlation of bivariate data

5.5 Elementary probability 10 8

5.6 Combined events, conditional probability, independence 58

5.7 Discrete random variable 10 8

5.8 Binomial distribution 6 5
5.9 Normal distribution 8 5 7

6.1 Limit, derivative, tangent, normal 8 3,9 9
6.2 Rules of differentiation, higher derivatives 8 10 9,10 9 9
6.3 Graph properties, optimisation 8 5 10 6

6.4 Indefinite integrals 5,6 9 9

6.5 Definite integrals, area, volume 56 10 7.9 9 9 4,9
6.6 Kinematics problems 6 9

Not in the syllabus from 2014 1 3 3 10




Use this checklist to record progress as you revise. Tick each box when you have:

m Revised and understood a topic

m  Tested yourself using the Practice questions and several past paper questions

m  Checked your answers and compared your approach with the detailed solution

Are you ready?

(
Topic 1 Algebra

1.1 Sequences and series

1.2 Exponents and logarithms

1.3 Binomial theorem

1.4 Polynomials (HL)

1.5 Proof by mathematical induction (HL)
1.6 Complex numbers (HL)

1.7 Systems of linear equations (HL)

Topic 2 Functions and equations
2.1 Functions in general

2.2 Transformation of graphs

2.3 Basic functions

2.4 Equation solving

Topic 3 Circular functions and trigonometry
3.1 Radian measure

3.2 Circular functions

3.3 Trigonometric equations

3.4 Triangle trigonometry

Topic 4 Vectors
4.1 Vector algebra

4.2 Equations of lines and planes

-

Revised

Exam ready
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Are you ready? 115

~

-

Topic 5 Statistics and probability

Revised Exam ready

5.1 One variable statistics
5.2 Two variable statistics (SL)
5.3 Elementary probability

5.4 Probability distributions

Topic 6 Calculus

6.1 Limit, convergence, continuity
6.2 Differential calculus

6.3 Integral calculus

6.4 Kinematics

N J




My revision notes
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118 My revision notes
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Answers

a 1,361015
b a=05b=05
¢ 2029105
d 1,936, 100,225
2 +1 2
e v, =%, v, =3025

f  no numerical answer
2 a  f(x)=2cos2x  f"(x)=—4sin2x
f7(x)=—-8cos2x [ (x)=16sin2x
b f"(x)=-2"sin2x " (x)=-2"cos2x
Fi9%)=2"sin2x "7 (x)=2"cos2x
C F4(x) = 2*sin2x FHY (x) = 2% cos2x

f(4k+2) (X) _ _24k+2 sin2x f(4k+3) (X) — _24k+3 cos2x

d  no numerical answer
3 a nonumerical answer
b 3z
c x=A+B+C’ y=A+Bw2+Cw, Z=A+Bco+CwZ
3 3 3
d a=-2mwb=1
4 a O
b no numerical answer
c 10
d 10

5 a i3a+b=B—A,6a+b=éC—%B

ia=tA-'B+lcC
3 2 6

il p=—2A +°B - ‘Crc=SA-2B+1C
2 2 3 3
b a=2b=-5c=1

c t=1
6 a i3a+b=B-A5+b=C-B

i a=1A-B+1C
2 2
5 3
iii b=—5A+4B—EC,c=3A—3B+C

b i nonumerical answer
il no numerical answer

¢ dw=a+b+cu,=4a+2b+cu;=%+3b+c
iia=2,b=-7,c=9
i u, =354



120 Answers

7 a g (x) =3ax*+2bx+c
b g0 =dgl)=a+b+c+d g(0)=c,g(1)=3a+2b+c
¢ a=-2,b=3,c=0,d=0

8 a h(x)=x
b no numerical answer

either h(x) = —2x* + 3x%, or h(x) =

C 1 lcos(rtx), or ...
2 2
d  no numerical answer
9 a nonumerical answer
i 11,
i IT,
il 4x+y+ Tx=217
¢ 1a=M+2N,b=3M-N,c=-M-N

T

il no numerical answer
d 5x-13y-z=0
e  28x+T7y—-17y=57
10a if2)=12,f3)=24
i f(0)=3
i f(-1)=", f(-2)=

o e )
b f)=3 2

C no numerical answer

d g<r>=z{%)

e no numerical answer

S w

11 a no numerical answer

Lol 14 11 _ 6
x-2 x+2 x -4 x=3 x+3 -9
1 1 n
C - = p)
x—n x+n x —-n
21
d In—
11
12a (1),2,4,8,16
b 1024
c 2
d  no numerical answer
e 0
f  nonumerical answer
9 ! 1 2
4
1 6 12 8
1 24 32 16
1 10 40 80 80 32
i 3
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13a vy
b y

y

d vy

=2x-1,y=4x-4,y=6x-9
= 2ax - da*
=6x—-9andy=-6x-9
=0andy=4x-4

e y=8x—16andy=-4x-4
14 a Atx=1(2,0)and(0,2)
Atx=2,4,0)and (0, 1)

Atx =3, (6,0) and (o%)

b (2a,0)and (O,g)

a

d y=-4x+4

1 2
e y=—5x+gandy=—9x+6

15a i
i

no numerical answer
no numerical answer

no numerical answer

16a x—=0

b xte

X > cosx, x > x4, x > In|x|, x > €™, x> cosx?, x - sinx?, x > 1

. 1
d x!—)smx,x!—)xﬂxl—);

vi
vii

viii

Q

odd

i True
i False
i False

True
False
True

False

True

i False

True
True

False

2 . 1 3 2
h _[ sz sin xdx < J 1tanxdx< J. 2x}e *dx

Answers 121



122 Answers
17a i0
i 4
R S
iii 4

i 20 63
| AV Rt M
17 17

v The distance of the closest point on the parabola from the line.

V|:ﬁ7
-1 p'+4p-4q+q +7
b i =
2p+4 |
iip=—q
i p=-1,q=1
iv P(-1, 1), Q(1,0)
v 5
18a i K§=b—mxéﬁhli4b—w
oa+p
il no numerical answer
i OA, - B2 o, - %at7e
B+vy a+y
b iéﬁ:aa+ﬂb4a+ﬁk
o+ B+y
“ééﬁgm+ﬁb—m+ﬁk

oa+p

iii no numerical answer
iv (B+7)AA, =(a+B+7)AP, (a+7)BB, =(a+ +7)BP
V no numerical answer

19a CA=3p, CB=4q

b i QA=3p-q QO=2, 05~ 121

,CO=
X 3+x

i PB=4q-p, @:8‘1_21’,66:’“8‘1

2+y 2+y
ili no numerical answer
ivx=8y=9

V no numerical answer

¢ i m:(33—9k)p—8kq R—B:—9kp+(44—8k)q
’ 11

il no numerical answer
ili a=3,b=2 (There are other possibilities: a = 3n, b = 2n)
iV no numerical answer

b 2b° bc

30T T3

2
b i gx)=ax’+(c - —)x
a

20a p=

il no numerical answer
iii Symmetry to the point (0, 0)
¢ | nonumerical answer

i (p, q)
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d

b

22 a

25 a

i no numerical answer
il no numerical answer
i (2,3
iib=-6,c=9,d=1

B
D
i A
E

v C

E x> x(x=1)"G: x> (x=1°, H: x> x*(x=1)’
it=1(68),t=2:(10,9),t=3: (14,10)

il (2+4n,7+n)

ili no numerical answer

T

1 1
v Ve=ovatow

2 2
546
I, = +t
4.5 2.5
no numerical answer
no numerical answer
m =2p+r
no numerical answer
no numerical answer

no numerical answer

no numerical answer

2x+2
H
3x—-2
(fof)(x)=x

i d = —afor any real number a

il no numerical answer

i A=d?+bc,B=ab+bd,C=ac+dc,D=cb+d*

ax+b
ii Xch_a,foranyreala, b, c where ¢ # 0 and a* + bc = 0
. 5 X 1
i cos’ == >

2 1+t
il no numerical answer
e 2t
iii sinx=

1+¢

. 2t
iV tanx =

2
—t
V no numerical answer

Answers 123



124 Answers

b | nonumerical answer
. X
ii x—tan=+c
2
-2
X
iii X
1+ tan=
2

+c

iV no numerical answer
26a FEC=o AFD=a+f
AB =coso, BE =sina
FE = tan 3, CE = tan Scos &

no numerical answer

T

no numerical answer
no numerical answer

no numerical answer

>SS Q@ -~ o o n

no numerical answer

\/6:\/5 \/§+1, cos750=\/6_\/z

J3-1 4
o_x/§—1 J6+2
R 4

sin75 =

, tan75° =

j sinl5° = , tan 15 , cos15 =

-\
4

—_

27 a  yes,itis
b i 1

1 } head

2 head
T T
\ 2

1 tail

2

|

ii P(Blaise wins) = i, P(Pierre wins) =

4
¢ DPierre should get 15 écu and Blaise should get 5 écu.

28a

4

b i If the numbersare t <t, <t <t %

11
24

—P\»—‘;:;‘m

e  The strategy in part b.
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29 a
b

30 a

d

e

The value of both integrals is 7.

i The value of both integrals is O.

0

0
0

no numerical answer

0

2n
0

i0

0

no numerical answer
no numerical answer
no numerical answer
50.0 m/s (3 s.f.)

1250 metres
a=5,b=50

no numerical answer

o(t) = 5+45¢ 2

306 seconds (3 s.f.)
5.00 m/s

Answers 125



u, =11is given
u, =1+1+1=3

u;=3+2+1=6

u, =6+3+1=10

u; =10+4+1=15
forn=11=a-1"+b-1=a+b
forn=2,3=a-2"+b-2=4a+2b

two equations, two unknowns, the solution is a = 0.5, b=0.5

u, =0.5n% +0.5n, 50 1y, = 0.5-2014% +0.5-2014 =2 029 105

v, =1

v,=1+8=9

vy =14+8+27=36

v, =1+8+27+64=100
v;=1+8+27+64+125=1225

From the first five terms:

1*=1,3"=9,6*=36,10* =100, 15* =225
so the suggested formula is:

2 2
v, =u=(0.5n"+0.5n)" = n(n+l)

212
v = 1011 =3025
4
2 2
First term: 1 =v, = L{+1) , this is true.
k* (k+1)*
Induction step: Assume that V; = 4

Vg = U+l +(k+1) = 0, +(k+1)°
_ kA(k+1)° N K:(k+1)" +4(k+1)°
4
(K 4k 1)) R+ (k+ 1) (k+2)
4 4

F(1+1)* k2 (k+1)*
T ,and if Y« = T, then

(k+1) =

Conclusion: Since V1 =

k+1)" ((k+1)+1)°
Vi =( I (k+D+D , so by the principle of mathematical

4

n*(n+1)*

induction, v_ = for all n€Z*.

Y’ Un

f/(x) = 2cos2x

7 (x) = —4sin2x

7 (x) =—8cos2x

F9(x) = 16sin2x

From part a we see that f*'(x) =2 f(x), so in higher order

derivatives, sin2x, cos2x, —sin2x and —cos2x will alternate.

The first part of this question
checks understanding of a
recursive definition.

Can you see the connection to u,?

Note

The concluding statement is an
important part of a proof based
on the principle of mathematical
induction.

Note

Correct differentiation is very
important in finding the pattern
needed.

Note

It is important to notice the
periodicity.
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Detailed solutions 127

U (x) ==2"sin2x
FP(x)==2"cos2x
F19(x) = 2"sin2x
FiP(x) = 2" cos2x
¢ The pattern in part b suggests that
fw‘)(x) =2%"sin2x
FHD (%) = 2% cos2x
FUED( x) =-2%"sin2x

f(4l<+3) (X) — _24k+3 cos2x

d  For n =4k we use induction on k to show that

() () _ 94k
fe f@. Since the derivative in the previous
For k=1, in parta: f*(x) =2*f(x) part is given using different

. . (4m) 4m formulae, we use induction to
: x)=2 X !
Induction step: Assuming £ (x) fe, prove one of these and deduce the

FAMD () = (F4Y77 (x) = (247 £)77 (%) others from this one.
=27 fP(x)=2""2" f(x) = 24(’“”>f (x)

Conclusion: Since £ (x) = 2* f(x), and if f*™ (x) =2*" f(x), then

fAHm (x) = 240 f(x) hence by the principle of mathematical

induction, f** (x) = 2% f(x) for all k € Z*.

Hence *(x) 24‘s1n2x
Differentiating this three times we get:
FH(x) = 2%2 cos 2x = 2% cos 2x

FHED (x) = =241 2sin 2x = =2 sin 2x
FE) (x) = =282 cos 2x = =2 cos 2x
3

a 0=0’-1=(w-1)(o* +w+1)

2
b A+Bo+Co” = , , i o is a third root of unity, the
(x+y+2)+(x+ 0y + 0 )0 +(x+ Oy + 00" = property in part a is well-known.
x(1+o+0))+y1l+0’ +o)+:(1+ 0’ +0’) = It can also be rearranged as
- 2
0 =-1-w.

yl+o' +o)+z(1+1+1)=3z
We also need to use the property
¢ Similarly, that @’ = 1 and, as a consequence,
A+Bw2+cw_ w4_w a)s (l)z etc.
(x+y+2)+(x+0y+ 00" +(x+ 0’y +0)w =

1+ +0)+y(1+ 0’ +@’)+21+ 0" + ©*) = 3y

A+B+C=
(x+y+2)+(x+0y+@0°2) +(x+ @'y +wz) =
x(1+1+D)+y(l+ 0+ 0")+z(1+ 0" +®) = 3x
A+B+C
3
_A+Bw’ +Co
3

_A+Bw+Co’
- 3

SO X =
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5

b 12 1 |R,-R SR,
d 1 o o | 1 R3—R1*)R5
1l o a | b
11 I
0 w-1 o'-1 | 0 |R—-(0+DR, >R,
0 w-1 a-1 | b-1
11 1 | 1
0 -1 o -1 | 0
0 0 a-1-(@"-D(w+)) | b-1
(@ -Do+)=0’+0’-0-1=0'-0=-1-20
11 1] 1
0 w-1 o-1 ] 0
0 0 a+2e | b-1

The system has infinitely many solutions if a+2® =0 and b—1=0,

soa=—2mwand b=1.

. —a,, —a, 0
a sumofrootsis —=L=—+=—=0
a a. 1

n bl

b ww =(a+bi)(a-bi)=da’ -b’i’=a’ +b" =|w|
¢ lu—znl=&-2)& -z)
:(Zl_zk)(zl*_zk*)

=0 XA TR TR
o O e A R R
=l-2 —uy
5 2 506 eys
Zalu-zul=52-1 2 -1 2o

=10-z (X z) —% 0

=10-7,-0"=10
Place the regular pentagon on the unit circle centred at the origin of the
Argand diagram so that A, is on the positive real axis. Then A, can be
considered z,, the fifth roots of unity of the previous parts.

Also, a, =| A A, |=|z, -2 | )

Since|z, =% | =0, a," +a," +a,’ +a; :é|z1 —z, =10

a i 3a+b=(4a+2b+c)—(a+b+c)=B-A
12a+2b=(16a+4b+c)—(4a+2b+c)=C—-B

6a+b:lC—lB
2 2
. 1 1 3 1
ii 3a=(6a+b)-—Ba+b)=(-C-=B)—-(B-A)=A-=-B+-C
2 2 2 2
a=1a-lpilc
3 2 6
1 1 1 1 1
iii b=(6a+b)-6a=(=C - =B) —6(=A - =B+ -C
iii (a+)a(2 2) (3 2+6)
b=—2A+ 2B - LC
2 2
1 1 1 5 1
c=(a+b+c)—-a-b=A-(-A--B+-C)-(-2A+ =B--C)
3 2 6 2 2

=8a_m+lc
3 3

For the last part of the question,
careful row reduction is needed.
A good start is to find the
augmented matrix corresponding
to the equation system.

This question can be answered

by considering the fifth roots of
unity as powers of one of them (
1, o, ®% @’ and @) but we look
at another approach. The first step
is to use the Vieta formula about
the relationship between the sum
of roots and the coefficients of a
polynomial. This can be read from
expanding the factor form

¥ -1=(—2)(x-2,)z~2,)
(x—2,)(x—25).

In part c several properties of the
conjugate operation are used,
besides the one asked in part b.
We also use the fact that |z, |=1
for the fifth roots of unity.

The last part can be solved using
elementary geometry, but it takes
time. Noticing the connection to
part c significantly reduces the
calculation (in fact the calculation is
already done). The key observation
here is that the fifth roots of unity
form a regular pentagon inscribed
in the unit circle.

Solving an equation system in
three unknowns is part of the HL
syllabus, but it is not expected

in the SL exam. However, with
guidance, it is not beyond the level
of the SL syllabus.
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(1,-2) is on the graph of y = ax” +bx+c¢,s0a - I’ +b-1+c=-2, or
a+b+c=-2

(2,—1) is on the graph, so 4a+2b+c=-1
(4, 13) is on the graph, so 16a+4b+c =13

Using the results of part a with A = -2, B=—1and C =13 gives
a=2,b=-5andc=1.

a+b+c =-2
4a+2b+c =-1
16a+4b+c=t

According to part a, there is always a solution.
It does not give a parabola, if a = 0.
1 1 1
==(-2) —=(-D)+-=t=0, - = =
a 3( ) 2( ) 6t ,—4+3+t=0,s0t=1
i 3a+b=(4a+2b+c)—(a+b+c)=B-A
5a+b=(9a+3b+c)—(4a+2b+c)=C—-B
ii 2a=(5a+b)—(3a+b)=(C-B)-(B-A)=A-2B+C
1

a=—A - B+ lC

2 2
1 1
iii b:(3a+b)—3a:(B—A)—3(5A—B+EC)

_5

2
1 1 5 3

c=(a+b+c)—a-b=A—(cA-B+-C) - (-2A +4B -2C)
2 2 2 2

b= A+4B—%C

c=3A-3B+C

3—4 # 6-3, there is no common difference
3

_i_
4 3

there is no common ratio

u, =a+b+c
u, =4a+2b+c

u; =9%+3b+c

il Using partawith A=u, =4, B=u, =3 and C =u, =6, we get
a=2,b=-Tand c=09.

i u,=2-4°-7-4+9=13
w,=2-5-7-5+9=24
=215 —7-15+9=354

¢’ (x) =3ax* + 2bx + ¢

(0, 0) is a local minimum, so g(0) =0 and g’(0) =0
(1, 1) is a local maximum, so g(1) =1 and g’(1) =0
so (using partb),d =0,a+b+c+d=1,c=0and 3a+2b+c=0

Solving this equation system givesa=-2,b=3,c=0,d=0.
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Note

The information given in the
guestion translates to an equation
system similar to that in part a.

Note

This part seemingly contradicts
part a, where we found a solution
forany A, B, C.

The key here is to notice that
not all graphs of the form
y = ax” +bx +c are parabolas

Note

As in the previous question,
this part gives guidance to solve
an equation system in three
unknowns of a specific form.

Note

This is not a sequence we meet

in the syllabus, so a hint is given
about the form of the general
term. Comparing this hint with

the known terms of the sequence
helps to set up an equation system,
which is of the form we solved in
general in part a.

The key here is to translate the
information given into an equation
for the four unknowns.
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8 a  Since linear functions are continuous, we need
h(0)=f(0)=0 and h(1) = f(1) =1
hence h(x) = x

b Since the derivative of quadratic functions are continuous,

if { is differentiable at x = O, then h’(0) must be the same as the

left derivative of f at x = O, which is O

if { is differentiable at x = 1, then h’(1) must also be 0, the right
derivative of fat x = 1.

There is no quadratic with O derivative at two different places, so
there is no quadratic h(x) that makes f differentiable everywhere.

¢ We look for a function with h(0) =0, h'(0)=0, h(1)=1, h'(1)=0
a cubic polynomial like this is h(x) = —2x + 3x’

a trigonometric example is h(x) = % - %cos(nx)’

d  Since the defining functions are differentiable everywhere, we
only need to show differentiability at the endpoints of the defining
intervals.

For the polynomial example:

hmM: hmwz

0
x—0 x—O x—0 x—O
L fO-fO) _ | =0
x—0" X—O x—0" X_O
. =2x’43x* =0
= llmi
x—0" X
= 1ir101+—2xz+3x=—2~02+3~0=0

Since the two limits are the same, f is differentiable at x = 0.

=) 11

= 0
x—l* X_I x—l* X_l
lin JO=FD A1
x—1~ x—1 v |
. =2x+3x -1
= llmi
x—1" x_l
C (x=D(=2x*+x+1)
=lim
x—1" x_l

=lim(-2x*+x+1)=-2-1"+1+1=0

x—=1

Since the two limits are the same, f is differentiable at x = 1.

For the trigonometric example:

lim f(0+t)—£(0) lim h(0O+t)-0
t—0" t h—0* t
lim 1—cos(nt)—2-0 _
t—0" 2t
(1= cos(mt))(1+ cos(mt))
S0 2(1+ cos(e))t
— lim sin(mt)  sin(rmt) _ 7[9 0
=0t 2(1+cos(mt)) 4

Note

Informally, continuity means
that the parts of the graph join
together.

Note

Informally, the function is
differentiable at the joining point.
If the curve is smooth, it does not
instantly change direction.

Note

There are other types of curves
with given values and horizontal
tangents at two different points.
According to parts a and b, if we
look for a polynomial, the order
has to be at least three.

Note

To show differentiability of a
piecewise defined function, we
either go back to the derivative
(like in this solution), or we use
facts about the defining functions
(for example, that the derivatives
are continuous).
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. f+0—f(1) . h(l+0)-1
lim = lim
t—0" t =0 t
lim 1—cos(m(l+t))-2
t—0" Zt
- —cos(mt)cost—1 sin(mt)sinm
=lim +
t—0 zt 2[
lim cos(mt)—1 N sin(mt) -0 04020
-0 2t 2t
- 4 1 2
PA = 1 y ﬁ: 3 s ﬁ: —1
7 -1 -1

PA -PB=4-1+1-3+7- (=1)= 0 hence PA is perpendicular to PB.

PA-PC=4-2+1-(=1)+7-(~=1)=0, hence PA is perpendicular
to PC.

PC-PB=2-1+(-1)-3+(-1) - (<1)=0, hence PC is perpendicular

PB.
to |

From the equation we see that PB=| 3 |is perpendicular to this
-1

plane. Since PA and PC are both perpendicular to PB, both of these
vectors are parallel to the plane.

343 -1-2=4,s0 Pis on this plane. Therefore A and C are on the
plane. This is the equation of TT,.

Similarly, since the normal vector is PC, this plane is IT,.

iii PA can be chosen as the normal vector, so a possible equation is
4x+y+T77r=4-3+1+7-2=217.
a=M+2N,b=3M-N, c=-M-N

ii ForP:
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Perpendicularity is characterised by
the O dot product.

Note

The key here is to notice the
relationship of the normal vector
of the plane given by this equation,
and the relative positions of points
A, B, C and P.

Note

In this part we are constructing
planes in a special way from two
planes both containing points P
and A.

(M+2N)-3+(3BM-N) -1+ (-M-=N)-2=M@3+3-2) + N(6-1-2)=4M+3N

For A :

(M+2N)-7+ BM~=N)-2+ (-M-N)-9=M(7+6-9) + N(14-2-9)=4M+3N

Since both P and A are on these planes, all of these planes contain the
line through P and A.

Looking for the plane in the form of part ¢ i, we need an M and N so
that 4M + 3N = 0. For example, M = =3 and N = 4 works, so the
equation is: (—3+8)x+(3(-3)—4)y+(—(-3)—4) z=0

After simplification: 5x—13y—z=0

M+2N
Again, using the form of part c i, the normal vector, | 3M —N | should

-M~-N
1
be perpendicular to BC =| —4
0



132 Detailed solutions

(M+2N)+(BM-N)(-4)=0,s0 -1IM+6N =0

For example, M = 6 and N = 11 works, so the equation is:
(6+22)x+(18-11)y+(-6-11)x=24+33
28x+Ty—17¢ =57

Wi _ee_,

f(3)=f(2+1):f(2)3f(1) :%:24

10a i fQ)=f1+1)=

FO)f ()
3

,50 f(0)=3

“iﬂm:fea+n:£tgﬂ9

3= f(_l).6,so f(—l)zé
3 2

i fO+1)=

f(0)-6
3

6=

' 3)_.°3) 3
3 3
1 3
(f@ 1
6= ,sof(—)=*54 332
9 3
b f()=32"

¢ f()=3-2'=6

3-23-2 _ f(0)f(y)

flx+y)=3-2%=3.22" = 3

d g(t):b[%)

A typical method of finding a
function satisfying a functional
equation is to use the defining
equation with different x- and
y-values.

Note

It may be useful to organise the
results from part a in a table to
help formulate a conjecture.

Note

Careful analysis of parts a and b is
needed for this generalisation.
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1 a

13 a
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L1ty
x=1 x+1 (x=D(x+1) -1 Noticing the connection to the
e previous parts is essential in past d.
b 1 _ 1 = (x+2)-(x=2) = 74 Without hints, the evaluation
x=2  x+2  (x-2)(x+2) x -4 of this integral is not part of the
syllabus. However, after rewriting
1 _ 1 _ (x+3)=(x=3) = 76 the quotient as the difference of
x=3 x+3  (x=-3)(x+3) x -9 simpler quotients, the integral
. 1 (x+m)—(x—n) _ 2n becomes accessible.
x—n x+n (x=n)(x+n) x' —n?
R T N (O S T
1 %2100 1 x—10 x+10 Since the question specified the
» form of the final answer, we need
= [In(x=10)=In (x+10)]; to use the laws of logarithms.
= (In2-In22)-(In1-1n21)
= In2-In22+In21 =1nﬂ =lnﬁ
22 11
12a 1+1=2
1+3+3+1=8 Noticing the pattern in parts a
1+4+6+4+1:16 andbisthekeytofindingthe

expression in part c.
b 1+10+45+1204+210+252+210+120+45+10+1=1024

« 3()

k=0
n n Note
N Note
d — 1n—k1/< — 1+1 n_ Zn
g;’ (kj = (k) (1+1) Part g of the question asked for
. the first few rows of this new
e Z (=1) n -0 triangle, but even without this hint
P k itis a good idea to write a few
elements if a general construction
n n like this appears in a question.
f 2(—1%(”]: (jl (1) =(1+(1)" =0 PP |
k=0 k k=0 ¢

Q
N

Note

1 o 6 12 8 Since the command term was
1 10 40 80 80 32 I’suglgest’, you don’tlhave to
justify the formulae in parts g ii
i T =3 an_d g iii. Neverthel_ess,_ can you
2 mk think of an expression in the form
(a+b)" (where a and b are whole
L= (’ )2" numbers), so that the expansion
gives the numbers in the rows of
this triangle?

(oW
=

Note
For x = 1, gradient: 2, point: (1, 1), equation of the tangent: y = 2x — 1

When the words ‘tangent’ or
For x = 2, gradient: 4, point: (2, 4), equation of the tangent: y = 4x — 4 ‘normal’ appear in a question
involving the graph of a function,
the first thing that should come to
mind is differentiation.

For x = 3, gradient: 6, point: (3, 9), equation of the tangent: y=6x—9

b  Following the pattern: y = 2ax — a*

c ¥
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Using part b: =9 = 2a-0 - so a=13,

Finding the equation of the
tangent to a curve at a point on

d y the curve is a routine calculation.
Here, however, parts ¢, d and e ask
for the equation of the tangents

to the parabola from a point not
on the curve. This is a bit more
tricky, but still within the syllabus.
Noticing the pattern from parts

a and b is one way of doing it. It

hence the equations: y=6x—-9andy=-6x-9

=

Using part b: 0=2a-1-a’=a(2—a),soa=2ora=0, can also be done by writing up the
general equation of a line through
hence the equations: y = 0 and y=4x—4 the given point (using the slope,
m, as a parameter) and finding m,
e y when this line and the parabola

have exactly one common point.
This will lead to investigating the
number of solutions of a quadratic
equation.

=

Using part b: =8=2a-1-a’,s0 0=a’ =2a—-8=(a—4)(a+2),
soa=4ora=-2,

hence the equations: y=8x—16 and y=—4x—4

d 1
Ma =-o

Given the equation of a line,
we get the x- and y-intercepts
by substitutingy = 0and x=0

x-intercept: (2, 0), y-intercept: (0, 2) respectively.

For x = 1, gradient: -1, point: (1, 1),
equation of the tangent: y=—x + 2

For x = 2, gradient: —l, point: (2, lj,
4 2

equation of the tangent: y=— % x+1
x-intercept: (4, 0), y-intercept: (0, 1)
For x = 3, gradient: —é, point: (3, %),

. 1
equation of the tangent: y=— §x + -

3
. ‘ 2
x-intercept: (6, 0), y-intercept: | 0, 3
2
b Following the pattern, x-intercept: (2a, 0), y-intercept: (O, —)
a

o

It is a surprising fact that the area
is independent of the point of
tangency.

Area: lzag =2
2 a
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1
d  Using part b, if the y-intercept is (0, 4), then a = 2 so the xintercept

15 a

is (1, 0)
hence the gradient is -4, and the equation is y = —4x + 4

YA

Following the pattern from part a, the equation of the tangent line at

. 1), 1 2
point |4, — |is y=——x+—.
a a a

0.6= —%0.6 + 2
a a
3a’==3+10a

0=3a*-10a+3=0Ba-1)(a—3),s0a=3ora zé
hence the equations are y= —éx + 3 andy=-9x+6
The distance of a point (p, q) from a horizontal line y = r is |q - 'r|.

i Distance of (a, a’) from y = —0.25is a’ +0.25

Distance of (a, a*) from (0, 0.25) is v/a® + (a’> —0.25)?, after
simplification,

Ja +at —0.5a +0.25" = J(a* +0.25) =a> +0.25

ii Distance of (a, 2a*) from y=—-0.125is 2a’ +0.125

Distance of (a, 2a*) from (0, 0.125) is \/az +(2a> —=0.125)?, after

simplification,

Ja? +4a* =050’ +0.125" =(2a* +0.125)" =24’ +0.125

iii Distance of (a, 4a’) from v=-0.0625is 4a* +0.0625

Distance of (a, 4a*) from (0, 0.0625) is \/az +(4a* -0.0625)°,

after simplification,

Ja? +16a* —0.5a> +0.0625" = /(4a’ +0.0625)" =4a” +0.0625
1

b Noticing the pattern, 0.25 = Z, 0.125= é and 0.0625 = %, for the

2 1
parabola y = 3x%, the suggested point is (O, E) and the line is y=— %

To check:

Distance of (a, 3a’) from y= —i is 3a% + 1
12 12

2
Distance of (a, 3a*) from (O, %) is . |a’ +(3aZ —%j , after

simplification,
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Looking at the diagram, it is clear
that from the given point, the
tangents are drawn to the part of
the graph in the first quadrant. This
is confirmed by the calculation.

The distance formula for two
points is in the formula booklet,
but the distance between a point
and a horizontal line is not.

The pattern in the constant only
becomes noticeable when it is
converted from a decimal to a
fraction.
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16a x-0

b xise

2 —x? 2 . 2
x> cosx, x> xL, x> In| x|, x> e™, x> cos x7, x> sin x5, x > 1

. 3
d xPsinx, x5 x°, X —
X

f i True, (f + @) (—x) = f(=x) + g(—x) = —f(x) — g(x) = =(f + g) (x)
Note

ii False, x = x is odd, but x > x +x = 2x is not even. ]
To show that a statement is true,

we need a convincing argument to
prove it.

iv True, (fg)(—x) = f(=x)g(—x) = (—f(x))(=g(x)) = (fg)(x) To show that a statement is not
true, it is enough to produce a
counter-example.

iii False, x — x is odd, but x = xx = x* is not odd.

v False, x > x”is even, but x > x* + x* = 2x* is not odd.

True, (f +g)(—x) = f(=x) + g(—x) = f(x) + g(x) = (f + g) (x)

\'J

2 . .
False, x > x* is even, but x — x*x* = x* is not odd.

Vi

viii True, (fg)(—x) = f(—x)g(=x) = f(x)g(x) = (fg)(x)

i False, x = x’ is odd, but the derivative, x > 3x* is not odd.

o
, . —x+h)— (=  —f(x—h)+ To show a general statement about
i True, f'(=x) = le fCxrh)— fl=x) =lim fle=h)+£() derivatives, it is usually necessary to
-0 h h—0 6 o
Fet () — () go back to the definition.
, x+(=h)—f(x) _,,
= _1,11“0—_;1 =f"(x)
iii True, f'(-x) = lim f(_“hz_f(_") = lim f("_h}z_f(")
= T N =TT A graphical approach using the
symmetries of odd and even
iv False, x — x* is even, but the derivative, x — 2x is not even. functions can also help. Draw the
graph of an odd (or even) function
h  The product of an odd and an even function is odd, since and the tangents to this curve at x
and —x. What do you notice about
(fe) (=x) = f(=x)g(=x) = (=f(x))g(x) = —(fg) (x) these tangents? What can you say

about the gradients?
Since the graph of an odd function is symmetric to the origin, the J

integral of an odd function over an interval [—a, a]is O.
1
_[  tanx dx=0
x> x’e™ isodd, and for x > 0, x’e™ >0, so
3 3 - z 3 - 3 3 - 3 3~
sz e’ dxzjzx e dx+J-7x e dx=0+Lx e dx>0
x > x’sinx is odd, and for -1t < x < 0, x’sinx <0, so
2, 2, 2, a2,
f X sinxdx =I zx”smxdx +J X sinxdx=0 +J- | X sinx dx<0
hence the order is

2 1 3 2
J 3xzsinxdx<.[ 1tanxdx<'|‘ zxze’x dx
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d
17 a i d—i:2X+4:4(sincethegradientofy=4x—lis4)sox=0

i y=0"+4-0+4=4

is y:—%x+4

iv —lx+4:4x—1,sox:i—gandhencey:?j

@@)
1717

v The distance of the closest point on the parabola from the line

the intersection point is (

. (20 (63 5
vi || = =2 4| =—=1.21
\/(17) +(17 4) g

b i Fory:xz+4x+4,ﬁ=2x+4
dx

At P, the gradient of tangent is 2p + 4, the gradient of the

normal is

2p+4 ’
2 2
The gradient of PQ is (p"+4p+4)—(4q-3—-q°) .
p—a
Q is on the normal if these two gradients are the same, so
-1 _p'+4p—4q+q’ +7
2p+4 p—q

i Fory=4x-3-x%, ﬁ=4—2x
dx
The gradient of the tangent at Q is 4 - 2q, so

2p +4 = 4—2g, or after simplification p=—q
ili Solving the equation system of parts i and ii,

-1 ¢’ -4q-4q+d" +1 24 —8q+1

4-12q —2q -2q
2q =8q¢"-32q+28-4q’ +164" —14q
0 =4q’ - 24q" + 48q - 28

0 =q - 64" +12q-7

0 =(q-1(q"=5q+7)

Since the quadratic has negative discriminant, the only solution is
q=1,and hence p = -1.

iv Pis(-1,1),Qis (1, 0)

v PQ=v22+1* =5

18a i AB=b-a,AC = (b-a)

o+p

Gradient of the normal is —%, a point on it is (0, 4) so the equation

i OC, =OA +AC, =a+—P—(b-a)
o+f oa+f o+

OA, = ﬁb+}/c’ OF, = oa+yc
B+y a+y

:(ot+,8)a+/3(b—a) _ oa+ fBb
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Parallel lines have the same
gradient.

Note

The product of the gradients of
perpendicular lines is —1.

This is a cubic equation to

solve. Graphing calculators have
applications to solve it. However,

if an equation like this appears on
a non-calculator paper, the only
way to solve it is to find a root by
trial and error. After finding a root,
factorise the polynomial and use
the quadratic formula to find the
other two roots.

When we add or subtract vectors,
or multiply vectors by numbers, we
can use algebraic manipulations
similar to the ones we use for
numbers.



138 Detailed solutions

b i —P_aa+ﬂb+yc_c_(xa+ﬁb—(oc+ﬁ)c
oa+fp+y o+p+y
. @lzaa+ﬂb_czaa+ﬁb—(a+ﬁ)c
o+p o+p

i (o+B)CC, =0a+ b—(a+P)c
(OH—/3+7/)(TP =oaa+ fb—(o+ f)c, so indeed,

(a+B)CC, = (oc+ B +7)CP

IV (B+7)AA, =(a+B+7)AP » (a+7)BB, =(a+ +7)BP

v Since CP = M @1, CP and FCI are parallel vectors, so CP
o+ p+y

and CC, are parallel line segments.

Since C is a common point of these line segments, this means
that C, C, and P are collinear.

Similarly, A, A, and P are also collinear. Also, B, B, and P are

collinear.

Hence, AA , BB and CC, all contain the point P.

19a  CA=3CP=3p CB=4CQ=4q
b T QA=QC+CA=—q+3p
00— gx - 234
3+x 3+x

9p-3q 9p+xq
3+x 3+x

CO=CQ+Q0=gq +

i PB=PC+CB=-p+4q
2 . 8q-1p

PB=
2+y 24y

PO=

66:@+§6:p+mzyp+8q
2+y 2+y

yp+8q
24y

9p+xq
3+x

3yp+24q+xyp+8xq
(24+6x—xy)q

18p+2xq+9yp+xyqg =
(18+6y—xy)p =

Since p and q are non-zero, non-parallel vectors, this means that
xy—6y—18=0and xy—6x—24=0.

iv Expressing xy from the two equations in the previous part gives
6y+18=0x+24,50y=x+1.
x(x+1)—6x-24=0
x*=5x=24=0,s0(x—8)(x+3)=0

since x>0, x=8,and hencey=8+1=9

—~— 9p+xq 9p+8q

3+x 11
i RA=RC+CA =~ 9p+8q
¢ i RA=RC+CA=-kCO+3p=-k T +3p
@=ﬁ+@:—k@+4q:_k9p+8q+4q

11

Note

Note that the notation in the
guestion and in this solution is not
precise.

v .
Instead of Z a more precise

. 1
notation would be Zv.

Note

There are different ways to show
that three points, X, Y and Z are
collinear. One way is to use vectors
to show that XY is parallel to XZ.

Note

Can you think of a way to prove
the claim in part b v without
working through the previous
parts?

In an exam it is sometimes useful
to look at the last part of a long
question. It is likely that the
previous parts (or at least some of
them) are there as a guide towards
the solution of the last part.
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i RA="119p+8q 5 -9p-8q+15p 6p-8q
RE_—Ll9p+8q , _-9p-8q+20q _12g-9p

hence, 3RA =—2RE, so RA and RB are parallel for k=%

iii From the calculation of the previous part,a =3, b = 2.
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Note

IB questions sometimes use the
command term ‘hence’, which
means that the connection of
the statement to the previous
parts of the question needs to be
examined.

Note

In an exam, to show that a point
is a point of inflexion, we need

to check two conditions: the
second derivative must be 0 at the
x-coordinate of this point, and the
second derivative must change
sign.

q)

Note

The equation in part c i expresses
that the graph of f is symmetric

iv From the previous part, AR _2
RB 3
CP 1 BQ _3
also, — =— and —== 2 are given
2 QC 1
o SPARBQ 123
"PARBQC 2 31
208 f(x)=3ax’ +2bx+c » f"(x)=6ax+2b, s0 f"(x)=0 for x:—3E
a
Sincea>0, f ' (x)>0 for X<—b and 1 ( >Oforx>—£ the
3a 3a’
b b> b b
concavity changesonlyat | -—, —— 4+ —_ —— 1
Y § y ( 3a" 274> 94’ 3a j
__i —_b—3+i_k+d
P53 T T 9d  3a
b i gx)= alx+p) +b(x+p) +c(x+p)+d—q
= a(x’+3x*p+3xp>+p’) +b(x* +2xp+p’)+cx+cp+d—gq
= ax’ +(3ap+b)x’ +(3ap’ +2bp+c)x +(ap’ +bp* +cp+d—
3
= ax‘;-i-(3a—£+b)xz+(3(1—i +2b—£+c)x+(a _b +b _b +c—£+d—q)
3a 3a 3a 3a 3a 3a
= ax’ +|c— x
3a
.. 3 bz 3 bz
i g(—x)=a(-x)"+| c—— [(-x) =—ax’ —| c— — |x=—g(x)
3a 3a
ili gisan odd function, the graph is symmetric about the origin.
¢ 0 flp+x)—q=gx)=—g(=x)=~(f(-x+p)—q) =q—f(p—x)

ii Since the graph of g is symmetric about the origin, and the graph

(BJ , it is
q

of f is the translation of the graph of g by the vector
symmetric about the point (p, q).

d i f(x)=3ax’+2bx+c=0

_ =2b*+4b’ —12ac  -bE+b’

6a B 3a

—3ac

Since by assumption, b’ —3ac >0, there are two distinct points
where the tangent line is horizontal.

—b— —~ and we already saw that f”(x)

3a 3a

Sincea>0, — ~— ~—

, o b . .
is negative if x < 3 so there is a local maximum here.
a

about the point (p, g), so the
guestion in part c ii could also be
answered by direct reference to
part ci.

We proved here that the graph of
a cubic curve is symmetric about
a point. We already know that the
graph of a quadratic curve has a
line of symmetry. Unfortunately,
this cannot be generalised further.
Higher order polynomial graphs
may not have any symmetry at all.
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—b++/b* = 3ac b

. . . ” . I
Similary, since —— Y~ "™ 5 _ 7 so " is positive here,
3a 3a

hence there is a local minimum here.

ii The point of inflexion is the centre of symmetry of the graph; the
image of the local maximum point must be the local minimum
point.

1+3 5+1

20 2

e i Using partd ii, ( )Z (2,3)

il (2,3) is the point of inflexion, so f”(2)=0,
hence 6-2+2b=0,s0 b=-6
(1, 5) is a minimum point, so f (1) =0,
hence 3+2b+c=0,s0c=9
f()=5,hencel+b+c+d=5,s0d=1

i x’—x’ =x*(x-1), graph D Look at the difference between,

iii Graph A for example, graph D and graph.E.
Both have a horizontal tangent line

iv x* —x’ =x’(x—1), graph E at (0, 0), but graph D stays below

the x-axis around (0, 0), while
graph E crosses the x-axis at the

b Forgraph F: x> x’(x—1)* origin.

v xt =22 + 5" =x*(x—1)*, graph C

For graph G: x - x’(x—1)’
For graph H: x - x*(x—1)’

20§ Ah AGI0LB 00163
Att=2,A(8, 8), B(12, 10), so C(10, 9) When the command term is
Att=3, A(13, 6), B(15, 14), s0 C(14, 10) suggest', then you don’t have to
justify or prove your formula, just
ii C(6+4(n—1),8+(n—-1))=(2+4n,7+n) notice a pattern and generalise.
iii Att=10, A(48,-8),B(36, 42),s0 C(48;36, _8;42j:(42, 17)

The formula gives: (2+4 -10, 7+10)=(42, 17)
Note

) 1 1 -2 5 6 3 Look at the difference between
v o= E(TA"‘TB):E . tt ) + ) +t 4 part a iii and a iv. In part a iii

you have to ‘check’ the truth of a
statement for a particular t-value.
1 4 8 _ Z 4 In part a iv you need to ‘show’
) 14 tt ) - 7 tt 1 a statement. ‘Showing’ is more
than just suggesting or checking; it
requires an argument that proves

Vo, = ’ , U, = 3 , the statement.
-2 4

Note

1 1 6 3 2 4 .
b = —(r+1.)== +t + +t In an exam, it would be enough to
2 ARW) 4 7 1 write the final answer to part a v

without any working, because of

1 8 7 4 3.5 the ‘write down’ command term
== +t = +t used in the question.
2 {9 5 4.5 2.7
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23 a

e

2 1 212 5 11(6 3
T =T, +t-13 == +t +— +t
30030 3lz) \2 ) 32) 4
R R N S A
= 3 |+e] P ] |+t AR ’
4] |2 14
4) T3) ) ) G) o

Since the velocity vector has O in the second component, the

movement is parallel to the x-axis in the positive direction, so due east.

AB+BC+CD+DA=0
3p+3q—-3r-3s=0,so r—p=q-—s

S,Q,=S,A+AB+BQ, =—s+3p+q=3p+(r—p)=2p+r

AS, +%§jl =s+%(2p+r)=%(3s+2p+r)

similarly to part b, ﬁﬁl =2s+q, %0

ﬁwlR_R'l =p+l(2s+q)=l(3p+25+q)
3 3 3

_ %(3p+25+(r—p+s))
1

= —(3s+2p+r)
3
N 1

= A8+35%Q,

If AS, +%§jl = AX, then X is on the line segment S,Q, .

Since AP, + %P]—R' s also AX, X is also on the line segment PR..

Hence, X is the intersection of these line segments, which is M.
So AP, +%ﬁ§l =AM, hence PM = %P?Rl, so 3PM=PR,
Similarly, S M = %ml, so 3SM=SQ,.

We already know that AM = %(35 +2p+r).

Similar to the arguments before, N divides S,Q), in the ratio 2 : 1, so

AN :A—Sz+SZ—N:2A—Sl+§mz
=2E1+§(STD+W:+®’Z)

= Zs+§(s+3r—q):%(83+6r—2q)
MN = MA +AN
= l(—3s—2p—1‘)+§(83+6r—Zq)

= —(=2p—2q+5r+5s)

W= W= W

= —(=2p—2(r—p+s)+5r+5s)

—_

(O8]

—(—2p—2r+2p—23+51‘+5s)Z%(3r+3s)

[am—

- _<@+®:§E

[O¥)

Hence MN is parallel to AC (moreover, 3MN = AC).
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We use the following properties of
vector algebra:

vtw=w+w
Ao+ w)=Av+ Aw
Auw) = (Ap)v
A+ wv=Av+ uw

In this question, part d is the most
interesting claim. Parts a, b and

c are steps in proving this claim
using vectors. Proving this using
elementary geometry is not easy.
Can you think of a way to do it?
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1 1
24 a The vertical asymptote is x = 3 the horizontal asymptote is Y = 3

so the graph is symmetric to y = x, hence the function is self-inverse.

b The inverse relationship is x = By—-l_—z Solving for y:
3yx—2x=2y+2
3yx—2y = 2x+2
y3x—2) = 2x+2
_ Ix+2
)= 3x-2
3x+2
3—3 77 (9x+6)+(6x-6) 15x

3

C o = = =—=
(fe £ J3H2 T (Ox46)-(9x-9) 15
3x—3
d i The previous examples were all self-inverse. Following the pattern,
the suggestion is that for any d = —a , (a € Z*) the function
+2
= is self-inverse.
x—a

.. ay+2 _
ii The inverse relationship is x = ———. Solving for y:
y—a

3yx—ax=ay+2
3yx—ay=ax+2
y(3x—a) =ax+2

_ax+2

" 3x—a

ax+b

cx+d
ax+b

cx+d

a _alax+b)+b(cx+d)

Lgq clax+b)+d(cx+d)

c
3 x(a® +bc) + (ab + bd)
"~ x(ac+dc)+(ch+d?)

A=a’+bc, B=ab+bd, C=ac+dc, D=cb+d*

PNl
cX +

0=C=c(a+d) implies a=—-d (since c#0)
If a=—d,then B=b(a+d) isalso 0

Also,A=a’+bc=(-df+bc=cb+d?=D,
ax+b

is selfinverse, then A=D#0, B=0 and C=0.

SO X > is self-inverse if c#0, a=—d and a* +bc#0

cx+

2 X 1
so COS —=—""—
’ 2 1+¢

25 a

X X
. 2 2

i tan"=+1l=sec'==

2 2

cos

Mo | =

_ 2 2
ii cosszcoszf—lz 27—1:2 (1+2t):1 t7
2 1+t 1+¢ 1+t

. XX X 5 X 2t
iii smx=251n5c05522tan—cos —=

22 1+¢

The methods of parts b and c

can also be used to show that the
function in part a is self-inverse. The
solution given here for part a uses
geometric properties of the graph
of a self-inverse function rather
than algebraic manipulations.

Note

In part d i you don’t have to

find all possible solutions, just a
pattern that gives infinitely many
different self-inverse functions.
Also, because of the command
term ‘suggest’, you don’t need to
justify or explain your suggestion.
Part d ii asks you to prove that
your suggestions indeed give self-
inverse functions.

Note

Having worked through the
previous parts, you should have

a good understanding of what
makes a rational function of this
type self-inverse. Part e ii asks you
to translate this understanding to a
condition involving a, b, ¢ and d.

Note

The relationship between tanx
and secx is in the HL formula
booklet, but not in the SL syllabus.
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jv tanx =

\"

2t
sinx {44 2t

cosx 1—-t8 1-¢
1+

=tan120° =—/3
=5 = L = cos 240°
+ 2
N3 23 n 2400
1+3 2

% =3 =tan240°

—_ ]

&
&

. X
b ilftan-=tand 0<x<m, then x=2arctan t,

2
dx 12
dt 1+ 1+

ii Replacing cos x with the expression from part a ii and dx with

o d X 1 1 1
iv —In|l+tan= |= —
dx 2 1+ tan > cos? X 2

2 2

26 a

2
mdt , we get

1 2 2
dt = - —dt=|1dt=¢t+
J1+I—t21+t2 Jl+t‘+l—t‘ J o

s

1+¢

X
dx=tan=+c
1+ cosx 2

get
[ S T
1 L I+t 1+¢"+2t
1+¢
5 -2
= J20+07 de=—"+c
1+¢

SOJ 1 dX: _Z +c
1+sinx 1+ tan X
2

1

2cos? E+ZsinfcosE
2 2 2
_ 1
cosx+1+sinx
FEC =180°—90°— AEB =180°-90°—(90° - 1) =
AﬁD=180°—90°—DAF=180°—90°—(90°—((X+ﬁ))=0H-ﬂ

A—}; =cosa, so AB=cosax

E
E:sinOC,so BE =sina

Using the same substitution, and the expression from part a iii, we
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Note

Trigonometric ratios corresponding
to special angles may be asked on
a non-calculator paper.

Note

Although the method of
substitution is part of the SL
syllabus, these examples are
beyond what is usually asked in an
SL exam.

Note

Of course, instead of checking the
given answer, the substitution of
the previous parts can also work
here to find the integral directly.

Note

Parts f and h state the compound
angle identities for tangent and
sine. Both of these identities can
be proved by noticing that on the
diagram, AD = BE + EC. The other
parts of the question guide you

to express AD, BE and EC in
terms of @ and 3. These identities
are not part of the SL syllabus, but
following these steps, the proof

is accessible to both SL and HL
students.
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C %=tanﬂ,so FE=tan

F—EZCOSO!, so CE = tan Bcos
d %zsina,so FC = tan Bsin o
e DF=DC-FC=AB-FC =coso—tan Bsin @
AD
F =tan(a+ ), so AD=(coser—tan Bsin a)tan(a+ )

f AD=CB=CE+EB
(cosa — tan Bsin a)tan(or + ) = tan Scos @ + sin o

tan Bcos + sin &

tan(o + )= :
cos o — tan fBsin &

1
_ tan fcosor+sina coso

cosa —tan Bsinor 1
cos o

tan B+ tan o

tan o + tan 3

l-tanftancr  1-tanotan B

AE 1
g —=cosp,so FA =
FA P cos B
AD _ in(@+ ), so AD=FAsin(a+ g)= 2@ +hH)
FA cos 8
h AD =CB=CE+EB
sin(a + )

———— =tan Bcosx + sinx
cos 3

sin(a + 8) = cos B(tan Bcos o +sincr)
=sin S cos @ + cos Bsin o = sin & cos B + cosarsin 3

i sin75° =sin(30° +45°) =sin 30°cos 45° + cos 30°sin 45°
1, BT 1S
22 2 2 4
tan 30° + tan 45°
1—tan 30° tan 45°
1

tan75° =tan(30° +45°) =

_ ﬁ“ _1+43
1_L1 3-1
3
c0s75° = sin75°
tan75°
_N2+63-1_V2(1+3)\B-1_6-2
4 1+43 4 1+
j  sinl5’= cos75":7\/6;\/z
V2446

cos15° =sin75° =

4
13-

an75° 1++/3

—_

tan15° =

A similar argument can be used

to deduce the compound angle
formula for cosine, using the fact
that AB = DF+FC . Can you work
this out?

These trigonometric ratios can also
be found using the double angle
formulae. Try to work these out.
Start with cos15°.
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27 a  Because the coin is fair, the probability of five heads appearing first
is the same as the probability of five tails. Since they have equal
chance of winning, and they paid in the same amount to start the
game, yes it is a fair game.

b i 1
1 2__fifth head
2 fourth head
_— T fifth tail
— 2
1 fifth tail

. . 11 1
ii P(Blaise wins)=—.—=—
22
11 1 3
P(Pierre wins)=—.—+—-==
22 2 4

¢ To reflect the wining probabilities after this start of the game, they
should divide the money in the ratio 3 : 1.

Blaise gets 70. ! —5 écu, and Pierre gets 20. > =15 écu.
4 4
1
28 a  DP(the first number is the largest) = —
4
b i If the numbersare t, <t, <t; <t,:

e If the first number is t,, then Martin stops at the second
number, and wins if this is t,, otherwise Tom wins.

e If the first number is ¢,, then Martin stops when he sees t; or t,,

whichever comes first.

e If the first number is ¢, then Martin wins, because he only
stops when he sees t,.

e If the first number is t,, then Tom wins, Martin did not keep
this number.

t

t

1 2
/AN 1/AN\L
3/3] \3 3/3] \3

t3 t3 iy

ty ty
T T M T M

1 1

t ty
T M

11 111 11 1 11

ii P(Martin wins)=—-—+— -~ — 4+~ 4=

4 3 4 3 2 4 3 4 24

¢ There are six equally likely possibilities for the first two numbers:
N N A N A S PN S PN S L
o If the first two numbers include t,, then Tom wins

e If the first two numbers do not include ¢,, but include t;, then
Martin wins (since he stops only when he sees ¢, ).

e If the first two numbers are ¢, and t,, then Martin only wins if
the next number is t,.
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In part b ii we actually calculate

a conditional probability; the
probability of Pierre or Blaise
winning, given that the game
started with three heads and

four tails. Try to do it using the
conditional probability formula,
using p for the probability that the
game started with three heads
and four tails. You will see that the
actual value of p does not matter;
it will cancel during the calculation.

This question describes a game,
but does not specify how Martin
should play. Parts a, b, cand d
investigate the probabilities of
Martin winning using four different
strategies.
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o
o
o=
o

ty, t3 ty, ty t, t3 6, ty t3, ty
ty, t

M
1 1
2 2
t3 ty
T M
1 1 5

. . 1 1
P(Martin wins)=— . —+ -+ - =
6 2 6 6 1

-
<
—
—

2
d  P(the last number is the largest) 2%

e Since ' .2 " the optimal strategy for Martin is to let one

4 12 24
number go and keep the first one that is larger than this.

29a  cosZkx=1-2sin’kx, so sinZkx :%_%ZI‘X
J‘n sin’ kedx = J‘n l_coska dx:[lx_stkx}
N 1 2 2T

-

_ E_sinan B ;ﬂ_sinlk(—n) —n
2 4 2 4

J‘; cos’kxdx = _[;ldx—_[; sin‘kxdx=2n-m=mn

b i [ snxeoswdr = [ Linzeac | <22 g

-7

_[:[ sin 2x cos 2x dx :J-:[ %sin 4xdx = [—cog 41 =0

-T

ii Noticing the pattern, J'_“ S, (x)C, (x)dx=0

iii S,(=x)C,,(=x) = sin n(—x)cos m(—x)
= (—sinnx)cosmx =-S_(x)C_(x)

n m

s0 S, C, is indeed an odd function.
Because of the symmetry of the graph of S C,_, the integral on
any interval [—a, a]is 0. Hence _nSn(X)Cm(X) dx=0.
c i cos(a+ B) = cos ocos f—sin arsin B
cos(ot— ) = cosacos B+sinasin B
cos(o+ )+ cos(oe— B) = 2cosacos B
ii We can assume that n>m .

kg 1Y
_[ cosnxcosmxdx = _[ ;‘cos(n+m)x+ ; cos(n—m)xdx
- -

_ [sin(n+m)x_l_sin(n—m)x:|7I 0
2(n+m) 2n—-m) 1,

d  From the first two lines of part c i,
2sinasin B = cos(or — ) — cos(oc + B), so

J.:[ sin nxsin mxdx = J.:[ %cos(n —m)x— % cos(n+m)xdx

{sin(n—m)x B sin(n+m)x}n ~0
2(n—m) 2(n+m

-7

Note

Of course we only compared the
strategies above, so this is not a
proof that we found the optimal
strategy.

Note

The integrals in part a are usually
asked in HL papers.

Note

The integrals in parts b i and b ii
can be asked even in SL papers.

Note

Because of the symmetry of the
function involved, we did not need
to find the antiderivative to find
the definite integral. Can you find
the antiderivative and use it to find
the integral?

Note

Can you see why the n #m
condition is needed?
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e

30 a

b

C

If 27 is a period of a function f, then J. f(x)dx= J. f(x)dx, so
adding J f(x)dx to both sides (and usmg the per10d1c1ty) we get

_[ f(x)dx= j f(x)dx = J“(M)nf( Ydx, so

i fj: cos’ (3x)dx = f;: cos’ (3x)dx + _[;: cos’(3x)dx=2n
i ,[ :: cos(3x)sin(5x)dx =2 u cos(3x)sin(5x)dx =0
6m P
i _[ .. cos(3x)cos(5x)dx =2 J:n cos(3x)cos(5x)dx =0

iv j;: sin (3x)sin(5x)dx =2 J:: sin(3x)sin(5x)dx =0

i The acceleration % =10-0.2v is positive for 0 < v < 50, and
t

negative for v > 50 . The starting velocity is 0, and there is no

reason why the skydiver should slow down during the free-fall part,

so 0<w<50.
|i$—71
dv 10-0.2v

T=] 1da=] jt —jomdv

y
- T:[ln(lO—O.Zv)} _
02

In10
-0.2

[n(10-0.2V)
0.2

~0.2¢ = —In10+In(10-0.2v(c))
ox _ 10-020()

10
10e°% = 10— 0.20(c)

0.20(t) = 10 —10e™**
v(t) = 50(1—e%)

— 10(1 _ e—O.Zt)
i v(60)=50.0 m/s
ii The distance travelled is I:O 50(1—e%*)de =2750 metres
Distance from the ground: 4000 — 2750 = 1250 metres
ia=5b=50

T+60 v dt % 1 50 1
i T= de= | —dv=) ——dv=] ——d
R A il M L MLl
. T_[ln(zu—lo)r_1n(90)_1n(zV—10)
R 2

2(t—60) = In90—In(2v(t)—10)
Q260 _ 90
20(t)—10
20(t)—10= 90e 2
20(t) = 10+90e7 %0

u() = 5+45¢7H
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A similar argument shows that the
integral of any of these functions
over any interval [a, a + 27] is the
same as the integral over [-T, Tt].

In part e ii we calculated the
definite integral without finding
the antiderivative. Instead we used
the symmetry (in part b iii) and
the periodicity of the function
involved.

In part a iii the question effectively
asks you to solve the differential

equation @ =10-0.2v. For those

t
who study the calculus option,
this should be familiar. For the
others, guidance is given in part a
ii. Questions similar to this appear
on past papers without help
given because, before the 2014
exams, the solution of separable
differential equations was on the
HL core syllabus.

In part c i the command term is
‘state’, so no reasoning is required.

However, b = 50 because, when
the parachute is opened, the
velocity is 50 m/s and, from that
point, the skydiver is slowing
down. a =5 because forv>5,

the acceleration is negative and for
v < 5 the acceleration is positive.



148 Detailed solutions

d J;v(t)dt ~1250

—-2(t—60)
[St + 45642]&) =1250

45 ~2(T-60 45
—e

' ~300 +7 =1250

(305.5, 1250)/

5T -

1000 +

500 +

100 200 300 400

Using a GDC, the solution is T = 306 seconds.

e  9(306)=5.00 m/s

If a graph is used to solve an
equation in an exam, a sketch of
the graph needs to be included in
the solution.
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acceleration 63
ambiguous case 27
amplitude 23
angle between a line and a

plane 35
angle between planes 35
angle between two lines 34
angle between two vectors 31
angle of elevation/depression 27
anti-differentiation 59

arccos 22
arcsin 22
arctan 22

area of a parallelogram 32

area of a region enclosed by
curves 61

area of a sector 19

area of a triangle 27

argument 6

arithmetic sequence 1

asymptote 11

augmented matrix 8

axis of symmetry 13

Bayes’ theorem 45

bearing 27

Bernoulli trial 47

binomial coefficient 3

binomial distribution 47

binomial theorem 3

bivariate data 42

box-and-whisker plot 40

Cartesian equation of a line 13,
33

Cartesian equation of a
plane 35

Cartesian form of complex
numbers 6

chain rule 54

change of base 3

circular functions 21

coincident lines 33, 34

combinations 45

combined events 44

complementary events 44

complex numbers 6

complex plane 6

components of vectors 29

composite circular functions 23

composite function 10

compound angle identities 20

concave down 57

concave up 57

conditional probability 45

conjugate 6

conjugate roots of polynomial
equations 17

Key terms

consistent system of linear
equations 8

continuity 52

continuous data 39

continuous random variable 48

convergence 51

coplanar vectors 32

cos 19

cosine rule 26

cot 20

counting principles 45

cross product of vectors 32

cse 20

cumulative frequency 40

cumulative frequency graph 40

data 39

de Moivre’s theorem 17

decreasing function 55

definite integral 61

derivative 53

directed line segment 29

discrete data 39

discrete random variable 46

discriminant 17

displacement 63

domain 10

dot product of vectors 31

double angle identities 20

elementary event 44

equally likely 44

equation solving 17

equivalent systems of linear
equations 8

Euler constant 15

even function 11

event 44

expected value (mean) of a
random variable 46, 48

expected winning 47

exponential function 15

exponents 2

extrapolation 42

factor theorem 4

fair game 47

frequency distribution 39

frequency histogram 40

functions 10

fundamental theorem of
algebra 17

fundamental theorem of
calculus 62

geometric sequence 1

gradient function 53

graph of a function 10

graph sketching 56, 58

grouped data 40

identity function 10

imaginary part 6

implicit differentiation 54

inconsistent system of linear
equations 8

increasing function 55

indefinite integral 59

independent events 45

inequalities 17

integration by inspection 60

integration by parts 60

integration by substitution 60

intercepts of a graph 11

interpolation 42

interquartile range 40

intersecting lines 33, 34

intersection of a line and a
plane 36

intersection of planes 36

inverse circular functions 22

inverse function 10

kinematics 34, 63

laws of exponents 2

laws of logarithms 3

length of an arc 19

limit 51

line of best fit 42

linear correlation of bivariate
data 42

linear function 13

local maximum/minimum
point 56

logarithmic function 16

logarithms 3

magnitude of a vector 29

many-to-one function 10

mathematical induction 5

maximum/minimum of a
function 11

mean 39

median 39

median of a random
variable 46, 48

modal class 40

mode 39

mode of a random
variable 46, 48

modulus 6

modulus-argument form of
complex numbers 6

mutually exclusive events 44

natural logarithm 16

negative correlation 43

normal distribution 49

normal line 53

normal vector of a plane 35



150 Key terms

odd function 11

one-to-one function 10

operations on complex numbers 6

outcome 44

outlier 40

parabola 13

parallel lines 12, 34

parallel vectors 31

parametric equation of a line 33

Pearson’s product-moment
correlation coefficient 42

percentiles 40

perfect linear correlation 43

period 21,23

permutations 45

perpendicular lines 13

perpendicular vectors 31

point of inflexion 57

Poisson distribution 47

polar form of complex numbers 6

polynomial 4

polynomial functions 14

population 39

position 63

position vector 29

positive correlation 43

probability density function 48

probability distribution 47

probability of an event 44

product rule 54

properties of scalar product 31

properties of vector product 32

Pythagorean identities 20

quadratic equations 17

quadratic formula 17

quadratic function 13
quartiles 40

quotient rule 54
radian measure 19
random experiment 44
random sample 39
range 10, 39

rate of change 53
rational function 14
real part 6

reciprocal function 14
recursive sequence |
regression line 42
related rates 55
remainder theorem 4
roots of equations 17
roots of unity 7

row operation 8
sample 39

sample space 44
scalar product of vectors 31
scatter diagram 42
sec 20

self-inverse function 10
sequence 1

sigma notation 2

sin 19

sine rule 26

skew lines 34

special angles 20
standard deviation 40
standard deviation of a random
variable 46
standardisation of normal
variables 49

strong correlation 43

sum and difference of vectors 30

sum and product of the roots of
polynomial equations 5

symmetry of graphs 11

system of linear equations §

table of outcomes 46

tan 19

tangent line 53

total distance travelled 63

transformations of graphs 12

tree diagram 46

trial 44

trigonometric equations 24

trigonometric ratios 19, 20

unit circle 19

unit vector 30, 31

value of a function (image) 10

variance 40

variance of a random variable 46,
48

vector 29

vector equation of a line 33

vector equation of a plane 35

vector product of vectors 32

velocity 63

Venn diagram 46

vertex 13

volume of a parallelepiped 32

volume of revolution 62

weak correlation 43

zero vector 29

zeros of functions 17
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